Solution of Triangle “_
J Solution of Triangle 1

According to most accounts, geometry was first discovered among the Egyptians, taking its origin
from the measurement of areas. For they found it necessary by reason of the flooding of the Nile,
which wiped out everybody's proper boundaries. Nor is there anything surprising in thar the
discovery both of this and of the other sciences should have had jts origin in a practical need, since
everything which is in process of becoming progresses from the imperfect to the perfect.

................... Proclus
Sine Rule :
In any triangle ABC, the sines of the angles are proportional to the opposite sides
. a b C
i.e. — =— =— .
sin A sin B sin C
A
c b
B a C
Example # 1 : How many triangles can be constructed with the data: a=5,b =7, sin A =3/4
Solution : Since .a = _b = S = .7
sinA sinB 3/4 sinB
= sinB = 21 > 1 not possible
20

.. no triangle can be constructed.

sinA _ sin(A-B)
sinC ~ sin(B-C)
sinA _ sin(A-B)

sinC ~ sin(B-C)

= sin (B + C) sin (B-C) = sin (A + B) sin (A—B) = sin?B —sin? C = sin?A — sin’B
=>b2-c?=a?-b? = a? b? c?arein A.P.

Example # 2 : If in a triangle ABC, , then show that a2, b?, c? are in A.P.

Solution : We have

Self Practice Problems :

(1) In a AABC, the sides a, b and c are in A.P. , then prove that (tan%ﬂan%} : cotg =2:3

(2) If the angles of AABC are in the ratio 1 : 2 : 3, then find the ratio of their corresponding sides

A B
tan— +tan—
2 2

(3) In a AABC prove that ¢ _ A B
a-b  an A _fan>
2 2

Ans. (2)1:43 :2

Cosine Formula:

In any AABC
b? +c? - a®
(i) cosA = ~ope or a2="0b?+c2-2bccosA =Db?+c?+2bccos (B +C)s
2 2 |2 2 2 2
() cosp=S A -0 (i) cosC= 2P -C
2ca 2ab
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Solution of Triangle “_

a+c

Example # 3 : In atriangle ABC, A, B, C are in A.P. Show that 2cos(A_CJ = .
2 Ja? —ac +c?

Solution : A+C=2B=>A+B+C=3B=B=60°
2 2 2
- cosB02= 2 TP e aci =t
2ac
oin[ A+C \oos[ A=C
- a+c _a+c _ {sinA+sinC} ~ 2 2
Ja? —ac+c? b sinB sinB
_2c0s A=C (.~ A+C=2B)
Example #4 : Ina AABC, prove that a (bcos C — ¢ cosB) = b? — ¢?
2 2 2 2 2 2
Solution : Since cosC= &P —C & GcosB=2*C D
2ab 2ac
a® +b? —c? a® +c? -b?
LHS. =a<b —C
{{ 2ab j ( 2ac J}
2 2 2 2 2 |2
- = +bz c _(@ +02 ) _ -5 =RH.S.
Hence L.H.S. = R.H.S. Proved

Example #5: The sides of AABC are AB = \/‘Ecm, BC = 4\/5 cm and CA = 7 cm. Then find the value of
sin® where 6 is the smallest angle of the triangle.

Solution : Angle opposite to AB is smallest . Therefore,
cosezwzﬁ :sin@:l
2.7.43 2 2

Self Practice Problems :
(4) If in a triangle ABC, 3 sinA = 6 sinB = 2./3 sinC, Then find the angle A.

(5) If two sides a, b and angle A be such that two triangles are formed, then find the sum of two
values of the third side.
Ans. (4) 902 (5) 2b cosA

Projection Formula:

In any AABC
(i) a = b cosC + c cosB (i) b =c cosA + acosC (iii) Cc =acosB + b cosA

Example #6 : Ifin a AABC, c coszg +a 0052% = % then show that a, b, c are in A.P.

Solution : ¢ (1 +cosA)+a(1+cosC)=3b
= a+cC+ (ccosA + acosC) =3b
=>a+c+b=3b
=Da+c=2b

Example #7 : Ina AABC, prove that (b+c)cosA+(c+a)cosB+(a+b)cosC=a+b+c.
Solution : LHS. =(b+c)cosA+(c+a)cosB+(a+b)cosC

=bcosA+ccosA+ccosB+acosB+acosC+bcosC
(bcos A+acosB)+(ccosA+acosC)+(ccosB +bcosC)
a+b+c

R.H.S.

R.H.S. Proved

Hence L.H.S.

R ® | Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow e 0™ 1800 258 5555 | CIN: U80302RJ2007PLC024029




Solution of Triangle “_

Self Practice Problems :

(6) The roots of x? — 2\/§x + 2 = 0 represent two sides of a triangle. If the angle between them is

g, then find the perimeter of triangle.

(7) In a triangle ABC, if cos A + cosB + cos C = 3/2, then show that the triangle is an equilateral
triangle.
cosA cosB cosC a® +b? +¢c?
8 In a AABC, prove that =
® P ccosB+bcosC ¥ acosC +ccosA ¥ acosB+bcosA 2abc
Ans. (6) 23 + 6
Napier’s Analogy - tangent rule :

In any AABC
(i) an2-C _0b-¢ A (ii) anC —A_c-a B

2 b+ c 2 2 cC +a 2
i) tano—B _2-D ;C

2 a+b 2

Example # 8 : Find the unknown elements of the AABC in which a = ﬁ +1,b= \E -1, C =90°.

Solution : a=+3 +1,b=+3 -1,C=90°
A+B+C=180°
A+B=90° . (i
From law of tangent, we know that tan a ) _ a0
2 a+b 2
J§+1 (B-1 cot 45° = icot45°:> tan(A_BJ S
T (B (B 243 2 B
A B _n
2 6
= A-B=ZX . i
3 (i)
. . .. 5n T
From equation (i) and (ii), we get A = ') and B = =
Now, c=+a’+b® =22
c= 242, A—— E;—E Ans.

Self Practice Problems :
(9) InaAABCifb=3,c=5andcos (B-C) = le , then find the value of sin % .

—C tanA,y=tan C-A) 1an8 and
2 2 2

(10) If in a AABC, we define x = tan (B

z= tan(A_B] tan%,then showthat Xx+y+z=—xyz.
Ans. (9
' J1o
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Trigonometric Functions of Half Angles :

Q) sm— (s— b (s—c) sn— (s—c) (s—a) sn—= (s—a) (s-b)
\A \j ab
cos— ! cos— = —C)
ca ab
(s-—

A = (s-b)(s—¢c) _ = = b)(s —¢) , Where s = arbre is semi perimeter and
2 \[ s(s—a) s(s—a) A 2

A is the area of triangle.

. A
(i) cosE

(iii) tan

. . 2
(iv)  sinA= E\;’s(s—a)(s—b)(s—c) = —

Area of Triangle (A)

A= %ab sinC = %bc SinA = %ca sinB = V’s(s—a) (s—b) (s—c)

Example #9 : If p,, p,, p, are the altitudes of a triangle ABC from the vertices A, B, C and A is the area of the

triangle, then show that p," +p,"'—p,™ = %

Solution : We have
1 1 1 a b (o]

P P, Ps 2A 2A 2A
a+b-c 2(s-c) s-c
2A 2A A

Example#10 : Ina AABC if b sinC(b cosC + c cosB) = 64, then find the area of the AABC.
Solution : bsinC (bcosC+ccosB)=64 ... (i) given

From projection rule, we know that
a=b cosC + c cosB putin (i), we get

absinC=64 .. (ii)
A= %ab sinC from equation (ii), we get
A = 32 s@. unit

2

Example#11 : If A,B,C are the angle of a triangle, then prove that cot%+cotg+cot% = SX

Solution : coté+cotE+cot9
2 2 2

_ | s(s—a) ﬂ s(s—b) +[ s(s—c)
“\(s—b)s—c) \ﬂ(s c)s—a) \(s—a)s-b)

_ Js(s—a+s-b+s—c) _s (33—23) _ s?
J(s—a)(s—b)(s—c) A A

m -n Rule : In any triangle ABC if D be any point on the base BC, such that BD : DC :: m : n and if
/BAD= o, /DAC =, £ CDA =0, then
(m+n)cotd = mcota —n cotf

ncotB —mcotC
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Solution of Triangle “_

o \P

0

B - D o C

Example#12 : In a AABC . AD divides BC in the ratio 2 : 1 such that at Z/BAD = 90° then prove that
tanA + 3tanB =0
Solution : From the figure , we see that 6 = 90° + B (as 6 is external angle of AABD)

Now if we apply m-n rule in AABC, we get
(2 + 1) cot (902 + B) = 2. cot 90° — 1.cot (A —90°)

= — 3 tan B = cot (90° — A)
= —3tanB=tan A
= tanA+3tanB=0 Hence proved.

Example#13 : The base of a A is divided into three equal parts . If a, B, y be the angles subtended by these
parts at the vertex, prove that :
(cota + cotp) (cotp+ coty) = 4cosec?p3

Solution : Let point D and E divides the base BC into three equal parts i.e. BD = DE = EC = d (Let) and
let a,, B and y be the angles subtended by BD, DE and EC respectively at their opposite vertex.
Now in AABC

BE:EC=2d:d=2:1

from m-n rule, we get
(2 + 1) cotd = 2 cot (a0 + B) — coty
= 3cotb=2cot (o +PB)—coty ... (i)
A

in AADC

DE:EC=d:d=1:1

if we apply m-n rule in AADC, we get

(1 +1)coto=1. cotp —1 coty

2cotb =cotp—-coty Ll (ii)
3cot®  2cot(a +p)—coty
2coth  cotp—coty

= 3cotp — 3coty = 4cot (o + B) — 2 coty

from (i) and (i), we get
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Solution of Triangle “_

=N 3cotp — coty = 4 cot (o + )
3cotp — coty = 4 {—COt 0.COtp - 1}

=
cotf +cota

= 3cot?p + 3cota cotp — cotp coty — cota coty = 4 cota cotp — 4

= 4 + 3cot?p = cota cotp + cotp coty + cota coty

= 4 + 4cot?p = cota cotp + cota coty + cotp coty + cot?p

= 4(1 + cot?p) = (cota + cotp) (cotp + coty)

= (cota + cotp) (cotp+ coty) = 4cosec?p

Self Practice Problems :
(11) In a AABC, the median to the side BC is of length B N unit and it divides angle A into
11-643
the angles of 30° and 45°. Prove that the side BC is of length 2 unit.

Radius of Circumcirice :
a b c abc

If R be the circumradius of AABC, then R= — == =
2sinA  2sinB  2sinC  4A

Example#14 : In a AABC , prove that sin2A + sin2B + sin2C = 2A/R?
G N Y

sinA  sinB  sinC

and sin2A + sin2B + sin2C = 4sinAsinBsinC

_4abc  16AR  2A

~ 8R® B8R  R?

Solution : In a AABC, we know that

Example#15: In a AABC if a =22 cm, b = 28 cm and ¢ = 36 cm, then find its circumradius.

Solution: - P . (i)
4A
A= |s(s—a)(s—b)(s—c)
S = a+t2)+c =43 cm

A= J43x21x15x7 = 21215
_ 22x28x36 _ 264

= = cm
4x21J215 215

Example#16 : In a AABC, if 8R? = a2 + b? + ¢?, show that the triangle is right angled.
Solution : We have : 8R? = a2 + b2 + ¢?
= 8R? = [4R2 sin?A + 4R? sin?B + 4R?sinC] [- a=2Rsin A etc.]
= 2 =sin?A + sin?B + sin?C = (1 — sin?A) —sin? B + (1 —sin’C) =0
= (cos? A —sin?B) + cos®? C =0 = cos (A + B) cos (A—B) + cos?C =0
= -—cosCcos(A—B)+cos2C=0=-cosC{cos(A-B)—-cosC}=0
= —cos C[cos (A —B) + cos(A + B)] =0 = —2cos AcosB cos C =0
—=cosA=0orcosB=0orcosC=0

:>A=£orB=£orC=E
2 2

= AABC is a right angled triangle.

b2 —c?
2a

Example#17 : =R sin (B-C)

b?—c?  4R®*(sin?’B-sin’C) _ Rsin(B+C)sin(B—C)
2a 4RsinA sinA

Solution : =R sin (B-C)
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Solution of Triangle “_

Self Practice Problems :

(12)  InaAABC, prove that (a + b) = 4R cos(A;B]cos%

(13) InaAABC,ifb=150mandcosB=%,findR.

(14) In a triangle ABC if a, B, yare the distances of the vertices of triangle from the corresponding

points of contact with the incircle, then prove that _obr =r2
oa+B+y
Ans. (13) 12.5
Radius of The Incircle :
If ’r be the inradius of AABC, then
QM r=2 (i) r=(s—a)tan = (s—b)tan> = (s—c)tan "
] 2 2 2
asinEsing
(iii) r=—2 2 andsoon (iv) r=4R sin% sing sin%
Ccos—
2
Radius of The Ex-Circles :
Ifr,, r,, r, are the radii of the ex-circles of AABC opposite to the vertex A, B, C respectively, then
(i) r——A 1= A 'r——A ;
''s-a’'? s-b’? s-c’

. A B C
(ii) r1=stan5;r2=stan5;r3=stan5
B cos S
(iii) r, = m and so on (iv) r,=4R sinA. cosE. cos9
cos4 2 2 2

Example#18 : cos A + cosB + cos C = (1 +%]

Solution : LHS = cosA + cosB + cosC
=2cos Gt cos Rl +1—2sin29
2 2 2

. C A-B . C . © A-B
=2 sin— <cos —sin—;+1 = 2sin — < cos —
2 2 2 2 2

=2$in9 23inésinE +1 =1 +4sinA sinE sin9
2 2 2 2 2 2

os 222

=1+ l 4RsinésinEsin9 =1+
R 2 2 2

Example#19 : In a triangle ABC, find the value of b-
.

Solution : +

[(b=c)(s—a)+(c—a)(s—b)+(a—Db)(s—c)

1
A
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Solution of Triangle “_

= % [sb-c+c—a+a—-b)-a(b-c)—b(c—-a)-c(a-b)]=0

Self Practice Problems :

(15) In a triangle ABC, r, , 1,, r, are in HP. If its area is 24 cm? and its perimeter is 24 cm. then find

lengths of its sides.

(16) In a triangle ABC, a:b:c=4:5:6 . Find the ratio of the radius of the circumcircle to that of
the incircle.
r,-r ¢

(17) In a AABC, prove that hot + = = —.
a b f

(18) It A, A, A, and A, are the areas of the inscribed and escribed circles respectively of a AABC,

then prove that I + 1 + 1
JA A A (A,
Ans. (15) 6,8,10 (16) 16:7

Length of Angle Bisectors, Medians & Altitudes :

2bc cos%
(i) Length of an angle bisector from the angle A = B, = “bic ;
+
(ii) Length of median from the angle A=m_ = % ,/sz +2¢% - a°

& (ii)  Length of altitude from the angle A = A, =

m“;’

NOTE: m: + m + m? = % (@2 + b% +c?)

Example#20 : In AABC, AD & BE are its two median . If AD = 4 , /DAB = % and ZABE = g then find the

length of BE and area of AABC.

Solution : AP=E;AD=§;PD=i;LetPB=x
3 3 3
tan609=% or Xzi
X 33
AreaofAABP=1x§x 8 =£
2 3 33 9B
.. Area of AABC = 3 x 32 =£
3 33
3 4
Also,BE= —x= —
2 J§

Self Practice Problem :

(19) Ina AABC if ZA=90° b =5cm, c=12cm. If ‘G’ is the centroid of triangle, then find
circumradius of AGAB.
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(19) 13601

601
cm
30

Ans.

The Distances of The Special Points from Vertices and Sides of Triangle :

(i) Circumcentre (O) : OA=RandO,=Rcos A

. A

(i) Incentre (I) : 1A = rcosecE andI =r

(i) Excentre (I,) : LA=r, cosec% and I, =r,

(iv) Orthocentre (H) : HA=2R cos A and H,=2R cos Bcos C

(v) Centroid (G) ; GA = % J2b?+2¢? -a% and G, = 2—2

Example#21 : If p,,p,, p, are respectively the lengths of perpendiculars from the vertices of a triangle ABC to
the opposite sides, prove that :

() cosA N cosB . cosC _ 1 (i) %+

P, P, p; R c a b 2R

Solution : (i) use t =i,l =£l -
p;, 2Ap, 2Ap, 2A

cP, , APy _ a® +b® +c?

. LHS = i (a cosA + b cosB + ¢ cosC)

_ B (sin 2A + sin 2B + sin 2¢) = 4RSinA sinB sinC

2A 2A
_MRa b e 1 e 1 (ara)-! —RHs
oA 2R 2R'2R _ 4AR 4AR R

a®+b®+c® 2bA+20_A+2aA _ 2A(@%+b® +c?)

(i) LHS = bp,  cp, ap; _

c a b 2R ac ab bc abc
_ 2A(@° +b*+c?)  a®+b*+c?
- 4AR - 2R

Self Practice Problems :

(20) If I be the incentre of AABC, then prove that IA . IB . IC = abc tan% tang tan% .

(21) If x, y, z are respectively be the perpendiculars from the circumcentre to the sides of AABC,

then prove that a, b £ S abc .
X 'y z Axyz

R ® | Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

ADVSOT -9

Educating for better tomorrow e 0™ 1800 258 5555 | CIN: U80302RJ2007PLC024029




Solution of Triangle “_
Bl Exercise-1 |

= Marked questions are recommended for Revision.

SUBJECTIVE QUESTIONS

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

A-1.  Ina AABC, prove that :
(i) asin(B-C)+bsin(C-A)+csin(A-B)=0
a®sin(B-C) . b?sin(C —A) .\ c?sin(A -B)
sinA sinB sinC
(iii) 2(bccos A+cacosB+abcosC)=a?+b?+c?

=0

(ivim.  (a—b)? coszg + (a + b)? sin2% =@~

(v) b? sin 2C + c? sin 2B = 2bc sin A
(vi) sinB _ c-acosB
sinC  b-acosC

A-2.  Find the real value of x such that x + 2x, 2x + 3 and x2 + 3x + 8 are lengths of the sides of a triangle.
A-3. The angles of a AABC are in A.P. (order being A, B, C) and it is being given thatb : ¢ = \/5 : \/5 then
find ZA.

A-4.» IfcosA+cosB=4 sinz(%j , prove that sides a, c, b of the triangle ABC are in A.P.

A5 IfinaAABC, SMA _ SNMA=B) o brove that a2, b2, c2 are in A.P.
sinC  sin(B-C)

A-6. In atriangle ABC, prove that for any angle 6, b cos (A —6) + a cos (B + 8) = c cos 6.

b+c c+a a-+b cosA cosB cosC
= = , then prove that = =

A-7.=. With usual notations, if in a A ABC,
11 12 13 7 19 25

A-8. Leta, b and c be the sides of a AABC. If a2, b? and c? are the roots of the equation
cosA . cosB . cosC in

x3—Px2+ Qx — R =0, where P, Q & R are constants, then find the value of 5 s

terms of P, Q and R.

A-9.»= If in a triangle ABC, the altitude AM be the bisector of «.BAD, where D is the mid point of side BC, then
prove that (b2 — c?) = a?/2.

A-10. Ifin atriangle ABC, ZC = 602, then prove that 1 + 1 = 3
a+c b+c a+b+c

A-11.=In a triangle ABC, ZC = 60° and ZA = 75° If D is a point on AC such that the area of the AABD is
/3 times the area of the ABCD, find the ZABD.

A-12.»= In a scalene triangle ABC, D is a point on the side AB such that CD? = AD. DB, if sinA. sinB = sinzg
then prove that CD is internal bisector of ZC.

A-13.= In triangle ABC,D is on AC such that AD = BC , BD = DC, «DBC = 2x, and ZBAD = 3x, all angles are in
degrees, then find the value of x.
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/\p

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

circumradius
B-1. In a AABC, prove that
(i) 2[asin29+csinzé} =c+a-bh.
2 2
cos? A cos?B cos?© &2
(i) 2, 2, 2.
a b c abc
(iii) 4 bC.0082A+Ca.COSZE+ab.0032 Cl. (@a+b+c)?
2 2 2
(ivim  (b-c) cotA +(c—a) cotE +(a—b) cotE =0
2 2 2
(v) 4A (cot A + cot B + cot C) = a2 + b? + c?
. 2abc A B C
(vi) .COS— .COS—.CO0S— =A
a+b+c 2 2 2
, . . : A C .
B-2. If the sides a, b, c of a triangle are in A.P., then find the value of tan5+ tanE in terms of
cot (B/2).
B-3. IfinaAABC, a=6,b=3andcos(A-B)=4/5, then find its area.
. . A . . 3 a’ .
B-4.= |If in a triangle ABC, ZA = 30° and the area of triangle is 1 then prove that either

B=4CorC =4B.

Section (C) Inradius and Exradius

C-1. Inany AABC, prove that
(i) Rr(sinA +sinB +sinC) = A
(i) acosBcosC+bcochosA+ccosAcosB=%
1 1 1
i — + — + — = —
) ab bc ca 2Rr
(iv)m c0s? — +Ccos? — + Cos? 9 =2+ L
2 2 2 2R
(V) acotA+bcotB+ccotC=2(R+r)
C-2. Inany AABC, prove that
(iyr.or .r,.ry=A2
2 2 2
(i)m r,+r,—r,+r=4Rcos C. (iii) —+l2+ +l—a +b2+c
r r1 r2 r3 A
2
W) (1+l+l+l) _4 (l+l+lj Vs be-rr, _ca-rn _ab-nr
rn n r\n n n r, r, I
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Solution of Triangle “_

C-3.  Show that the radii of the three escribed circles of a triangle are roots of the equation
X3—x2(4R+r) +xs2-rs?=0.

C-4.  The radii ry, r,, ry of escribed circles of a triangle ABC are in harmonic progression. If its area is 24 sq.
cm and its perimeter is 24 cm, find the lengths of its sides.

C-5.  If the area of a triangle is 100 sq.cm, r, = 10 cm and r, = 50 cm, then find the value of (b — a).

Section (D) Miscellaneous

D-1. If o, B, y are the respective altitudes of a triangle ABC, prove that
: 1 1 1 cotA+cot B+cot C
() — t 5+ =
o} B Y A
. 1 1 1 2ab ,C
(i) —+——— = cos” —
a By (@+b+c) A 2

D-2.= If in an acute angled AABC, line joining the circumcentre and orthocentre is parallel to side AC, then
find the value of tan A.tan C.

D-3.= A regular hexagon & a regular dodecagon are inscribed in the same circle. If the side of the dodecagon
is (\E - 1) , if the side of the hexagon is {‘/K , then find value of k.

D-4.= If D is the mid point of CA in triangle ABC and A is the area of triangle, then show that
4A

a®-c?

Bl Exercise-2 |

w. Marked questions are recommended for Revision.

PART-l (OBJECTIVE QUESTIONS)

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

tan (£ADB) =

A-1. InaAABC,A:B:C=3:5:4.Thena+b+c 2 is equal to
(A) 2b (B) 2¢ (C) 3b (D) 3a

A-2*. In a triangle ABC, the altitude from A is not less than BC and the altitude from B is not less than AC.
The triangle is
(A) right angled (B) isosceles (C) obtuse angled (D) equilateral

cosA cosB cosC

A-3. IfinaAABC, , then the triangle is :

a b
(A) right angled (B) isosceles (C) equilateral (D) obtuse angled
2
A-4. InaAABC besin” A is equal to
cosA +cosBcosC
(A) b2 +c? (B) bc (C) a2 (D) az + bc

2(tanA +tanC).tan’B s

A-5=  Given a triangle AABC such that sin?A + sin?C = 1001.sin?B. Then the value of
tanA +tanB+tanC

1 1 1 1
2000 (B) —= ©) =5 D) 5z5
2000 1000 500 250
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Solution of Triangle “_

A-6. If in a triangle ABC, (a+b +c) (b +c—-a)=k.bc,then:
(AVk<0 (B)k>6 (C)0<k<4 (D) k>4

A-7. Inatriangle ABC, a:b: ¢ =4:5:6. Then 3A + B equals to :
(A) 4C (B) 2n C)n-C (D) n

A-8.=. The distance between the middle point of BC and the foot of the perpendicular from Ais (b > ¢) :

—a% +b%+c? b?—c? b? +c? b? +c?
A) ——— (B) (C) (D)
2a 2a «/bc 2a

A-9*. Ifin atriangle ABC, cos A cos B + sin A sin B sin C = 1, then the triangle is
(A) isosceles (B) right angled (C) equilateral (D) None of these

A-10.xTriangle ABC is right angle at A. The points P and Q are on hypotenuse BC such that BP = PQ = QC.
If AP = 3 and AQ = 4, then length BC is equal to

(A) 35 (B) 543 (C) 45 (D) 7

A-11. In AABC, bc = 2b? cosA + 2c? cosA — 4bc cos? A, then AABC is
(A) isosceles but not necessarily equilaterial
(B) equilateral
(C) right angled but not neccessarily isosceles
(D) right angled isosceles

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

circumradius
B-1. Ifin atriangle ABC, right angle at B,s —a=3 and s —c = 2, then
(A)a=2,c=3 (B)a=3,c=4 (C)a=4,c=3 (D)a=6,c=8
: . A B 3
B-2. Ifin atriangle ABC, b cosZE +a cosZE = EC’ then a, c, b are :
(A) in A.P. (B) in G.P. (C) in H.P. (D) None

B-3.= |If H is the orthocentre of a triangle ABC, then the radii of the circle circumscribing the triangles BHC,
CHA and AHB are respectively equal to :

(AR, R, R B) v2R, V2R, V2R (C) 2R, 2R, 2R 5.2,
. B C
B-4. InaAABCifb+c=3a,then cotE : cotE has the value equal to:
(A) 4 (B)3 (C)2 (D) 1

93

B-5. InaAABC, A= 23—7[ b-c=3 J§ cm and area (AABC) = 7cm2. Then ‘@’ is

(A) 6 /3 cm (B) 9 cm (C) 18 cm (D) 7 cm
B-6.* The diagonals of a parallelogram are inclined to each other at an angle of 45° while its sides a and

b (a > b) are inclined to each other at an angle of 302, then the value of % is

(A) 2c0s36° (B) 3+4J§ (C) 3*4*/5 (D) */‘E’z“
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B-7.

B-8*.

B-10*.

B-11.

B-12.

B-13*.

Ifin a AABC, A = a2 — (b — c)?, then tan A is equal to

(A) 15/16 (B) 8/15 (C) 8/17 (D) 172
Ifina AABC,a=5,b=4andcos (A-B) = g—;,then
(A)c=6 (B) sinA = ﬂ
16
(C) area of AABC = % (D)c=8
b* -c?
If R denotes circumradius, then in AABC, 22 R is equal to
(A) cos (B—C) (B) sin (B — C) (C) cos B—cos C (D) sin(B + C)
Which of the following holds good for any triangle ABC?
cosA cosB cosC a®+b®+c’ sinA  sinB  sinC 3
(A) + + = (B) + + = —
a b c 2abc a b C 2R
cosA cosB cosC sin2A  sin2B  sin2C
(C) = = D)—m—=—% ==
a b C a b C

A triangle is inscribed in a circle. The vertices of the triangle divide the circle into three arcs of length 3,
4 and 5 units. Then area of the triangle is equal to:
943 (1+43) 93 (v3-1) 9 V3 (1+43) 9 V3 (V3-1)
A ——— B —— C)——5— O ——>—
o I 27 27
In a AABC, a = 1 and the perimeter is six times the arithmetic mean of the sines of the angles. Then
measure of L A'is

A) = B) = c) = D) =
(A) 3 (B) 2 (C) 5 (D) 2
Three equal circles of radius unity touches one another. Radius of the circle touching all the three
circles is :
23 3 -2 2+43 B +2
(A) —=— B) —=— (C) (D) —=—
B 2 B 2

B-14.=. Triangle ABC is isosceles with AB = AC and BC = 65 cm. P is a point on BC such that the

C-1.

perpendicular distances from P to AB and AC are 24 cm and 36 cm, respectively. The area of triangle
ABC (in sg. cm is)

(A) 1254 (B) 1950 (C) 2535 (D) 5070
Section (C) Inradius and Exradius
In a A ABC, the value of acosA +bcosB+ccosC is equal to:
a+b+c
r R R 2r
A — B) — — D) —
(A) = (B) o (C) ; (D) R

C-2.

C-3~.

In atriangle ABC, ifa:b:c=3:7:8,thenR:ris equalto
(A)2:7 B)7:2 (C)3:7 (D)7:3

Ifr, =2r,=3r,, then

a 4 a 5 a 3 a
(A)B=§ (B)E=Z (C)E=g (D)E=_

I\
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Solution of Triangle “_

C-4*,

C-5.

C-6.

C-7.n

C-9.

C-10.

C-11*.

C-.12~,

C-13.

In a AABC, following relations hold good. In which case(s) the triangle is a right angled triangle?

(A)r,+ry=r —r (B)ya2+b?+c2=8R* (C)r,=s (D)2R=r,—r
The perimeter of a triangle ABC right angled at C is 70, and the inradius is 6, then |a — b| equals
(A)1 (B)2 (C)8 (D)9
In a triangle ABC, if 2 b _ 522 jhen [, Ty I are in:
b — -
(A) A.P. (B) G.P. (C) H.P. (D) none of these

If the incircle of the A ABC touches its sides at L, M and N as shown in the figure and if x, y, z be the
circumradii of the triangles MIN, NIL and LIM respectively, where 1 is the incentre, then the product xyz
is equal to :

A
NZ N\
B

(A) Rr? (B) rR2 (C) %er (D) %rR2
If in a AABC, L l then the value of tan A (tanE +tan9] is equal to :

o2 2 2 2

1
(A) 2 (B) > (€)1 (D)3
. T C .
Ifin a AABC, ZA = 3 then tan ) is equal to
a-c a-b a-c a-b
A —— B) —— C) — D) —
(A) 5 (B) P (C) 5 (D) S
In any AABC, (it 1) (r; :rs)(ra +h) is always equal to
)

(A) 8 (B) 27 (C) 16 (D) 4
In a triangle ABC, right angled at B, then
(A)r = AB-+BC - AC (B)r= AB+AC-BC

2 2
(C)r= M (D)R = s—r

2 2
With usual notations, in a A ABC the value of IT (r, — r) can be simplified as:

A (abc)2
(A) abc IT tan — (B) 4 r R? —_— (D)4 R

2 R (a+b+c)

STATEMENT-1 : In a triangle ABC, the harmonic mean of the three exradii is three times the inradius.
STATEMENT-2 : In any triangle ABC, r, +r, + r, = 4R.

(A) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1

(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct explanation
for STATEMENT-1

(©) STATEMENT-1 is true, STATEMENT-2 is false

(D) STATEMENT-1 is false, STATEMENT-2 is true

) Both STATEMENTS are false
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Solution of Triangle “_

Section (D) Miscellaneous

D-1.= If in a triangle ABC, the line joining the circumcentre and incentre is parallel to BC, then
cos B + cos Cis equal to :

(A)O (B) 1 (C)2 (D) 1/2
D-2.=» In aAABC, if AB =5 cm, BC = 13 cm and CA = 12 cm, then the distance of vertex ‘A’ from the side BC
is (in cm)
25 60 65 144
A) — B) — C) — D) —
()13 ()13 ()12 ()13
D-3.= If AD, BE and CF are the medians of a AABC, then (AD? + BE? + CF?) : (BC? + CA? + AB?) is equal to
(A)4:3 B)3:2 (C)3:4 (D)2:3
D-4*.x In atriangle ABC, with usual notations the length of the bisector of internal angle A is :
A
2bc cos A 2bc sinA abc cosec—-
2 2 2 2A A
A — < B — <= C) ——= D) ——.cosec%
") b+c ®) b+c © 2R (b+c) ©) b+c 2

D-5.= Letf, g, h be the lengths of the perpendiculars from the circumcentre of the A ABC on the sides BC, CA

and AB respectively. If E+9+E e b , then the value of "A' is:
f g h fgh
(A) 1/4 (B) 1/2 (C) 1 (D) 2

D-6.= In an acute angled triangle ABC, AP is the altitude. Circle drawn with AP as its diameter cuts the sides
AB and AC at D and E respectively, then length DE is equal to
A A A A
(A)

A ® 35 S - D) =

D-7.» AA,, BB, and CC, are the medians of triangle ABC whose centroid is G. If points A, C,, G and B, are

concyclic, then
(A)2b2=2a?+c? (B) 2c? = @2 + b? (C) 222 = b? + c? (D) 3a2 =b? + c?

D-8. If'¢"is the length of median from the vertex A to the side BC of a AABC, then

(A) 4¢2=b? + 4ac cos B (B) 4¢2 = a2 + 4bc cos A
(C) 42 =c?+ 4abcos C (D) 402 = b? + 2¢c? — 222
D-9*. The product of the distances of the incentre from the angular points of a A ABC is:
(abc)R (abc)r
(A) 4 R2r (B) 4 Rr? (C) e (D) . —
D-10.= In a triangle ABC, B = 60° and C = 45°. Let D divides BC internally in the ratio 1 : 3,
then value of w is
sinZCAD
2 1 1 1
A5 (B) —= ©) = D) 5
(A) |3 5 NG 3

D-11*.aln a triangle ABC, points D and E are taken on side BC such that BD = DE = EC. If angle
ADE = angle AED = 6, then:

(A)tanb =3 tanB (B) 3 tan6 = tanC
) 2o o (D) angle B = angle C
tan°0-9
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D-12.

STATEMENT-1 : If R be the circumradius of a AABC, then circumradius of its excentral AL L, is 2R.

STATEMENT-2 : If circumradius of a triangle be R, then circumradius of its pedal triangle is g .

(A) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct explanation
for STATEMENT-1
(C) STATEMENT-1 is true, STATEMENT-2 is false
(D)  STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false

PART-Il (COMPREHENSION)

Comprehension # 1 (Q. No. 1 to 4)

1.=

PARN

3=

4*.x

The triangle DEF which is formed by joining the feet of the altitudes of triangle ABC is called the Pedal

Triangle.
Answer The Following Questions :
A
F E
B D C
Angle of triangle DEF are
(A)r—2A, t—2Band t - 2C (B) n+2A, t+ 2B and & + 2C
(C)n—-A,r—-Bandn-C (D) 2r—A,2r-Band 2x- C
Sides of triangle DEF are
(A) b cosA, a cosB, c cosC (B) a cosA, b cosB, c cosC
(C) Rsin 2A, R sin 2B, R sin 2C (D) a cotA, b cotB, ¢ cotC

Circumraii of the triangle PBC, PCA and PAB are respectively
(ARRR (B) 2R, 2R, 2R (C) R2, R/2, R/2 (D) 3R, 3R, 3R

Which of the following is/are correct
(A) Perimeter of ADEF _r
Perimeter of AABC R

(C) Area of AAEF = A cos®A (D) Circum-radius of ADEF =

(B) Area of ADEF =2 A cosA cosB cosC

Comprehension # 2 (Q. 5 to 8)

5.x»

6.=

I\

The triangle formed by joining the three excentres I,, I, and I, of A ABC is called the excentral or

excentric triangle and in this case internal angle bisector of triangle ABC are the altitudes of triangles
LLI,
Incentre I of A ABC is the ......... of the excentral AL 11

17278°

(A) Circumcentre (B) Orthocentre (C) Centroid (D) None of these

Angles of the AT, L1, are

17273

(A) E_é, n_B and = _C (B) E+A, E+E and E+9
2 2°2 2 2 2 227 22 2" 2
(C) % —A, % ~B and g -C (D) None of these
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7.= Sides of the A1 LI, are

17273
(A) RcosA, RcosE Rcos9 (B) 4R cosA, 4R cosE 4R cos9
2 2 2 2 2 2
A B C
(©) 2RcosE, 2Rcos§ 2Rcos§ (D) None of these

8x»  Valueof 12+ LI2 =112+ 112= 112+ L2 =
(A) 4R? (B) 16R? (C) 32R? (D) 64R?

PART-IIl (MATCH THE COLUMN)

1. Match the column
Column-1 Column-II
(A) Ina AABC, 2B = A + C and b? = ac. (p) 8
2
Then the value of el 6] is equal to
3abc

a® +b? +c?
-2 () 1

is always equal to (where R is the circumradius of AABC)

(B) In any right angled triangle ABC, the value of

(C) Ina AABC if a = 2, bc = 9, then the value of 2RA is equal to (r) 5

(D) Ina AABC, a=5,b=3andc =7, then the value of (s) 9

3 cos C + 7 cos B is equal to
2. Match the column

Column -1 Column -1I

(A) Ina AABC, a = 4, b = 3 and the medians AA, and BB, are (p) 27
mutually perpendicular, then square of area of the AABC
is equal to

(B)»  Inany AABC, minimum value of r‘:+r3 is equal to (Q) 7

C 7 B 3 b

(C) Ina AABC, a=>5,b =4 and tan 2 =\g- then side ‘c (r) 6
is equal to

(D)= In aAABC, 2a? + 4b? + c? = 4ab + 2ac, then value of (8 cos B) (s) 11
is equal to

N
-
J

w Marked Questions may have for Revision Questions.
* Marked Questions may have more than one correct option.

PART -1 : JEE (ADVANCED) / IIT-JEE PROBLEMS (PREVIOUS

YEARS)

1. If the angle A, B and C of a triangle are in arithmetic progression and if a, b and ¢ denote the lengths of

the sides opposite to A, B and C respectively, then the value of the expression %sin 2C

c . .
+ —sin 2Ais
a

[IT-JEE 2010, Paper-1, (3, 1), 84]

(A) (B) = (C) 1 (D) 3

2

| —
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2.m

3=

7.

8*.

I\

Let ABC be a triangle such that Z/ACB = % and let a, b and ¢ denote the lengths of the sides opposite

to A, B and C respectively. The value(s) of x for whicha=x2+x+1,b=x2-1andc=2x + 1 is (are)
[IT-JEE 2010, Paper-1, (3, 0), 84]

(A) -(2+13) (B)1+ 3 (C)2+ 3 (D) 443

Consider a triangle ABC and let a, b and ¢ denote the lengths of the sides opposite to vertices A, B and
C respectively. Suppose a = 6, b = 10 and the area of the triangle is 1543 . If ZACB is obtuse and if r

denotes the radius of the incircle of the triangle, then r2 is equal to
[IT-JEE 2010, Paper-2, (3, 0), 79]

Let PQR be a triangle of area A witha =2, b = % andc = % where a, b and c are the lengths of the
sides of the triangle opposite to the angles at P, Q and R respectively. Then M equals
2sinP +sin2P
[IT-JEE 2012, Paper-2, (3, —1), 66]
3 45 3 Y 45 Y
A) — B) — C) | — D) | —
o@] @)

In a triangle PQR, P is the largest angle and cosP = —. Further the incircle of the triangle touches the

w| =

sides PQ, QR and RP at N, L and M respectively, such that the lengths of PN, QL and RM are
consecutive even integers. Then possible length(s) of the side(s) of the triangle is (are)

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]
(A) 16 (B) 18 (C) 24 (D) 22

In a triangle the sum of two sides is x and the product of the same two sides is y. If x2 — ¢c? =y, where ¢
is the third side of the triangle, then the ratio of the in-radius to the circum-radius of the triangle is
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
3 3 3 3
(A) _ O (B) _ A (C) - (D) .
2X(x +c) 2c(x+c) 4x(x +c) 4c(x +c)
In a triangle XYZ, let x, y, z be the lengths of sides opposite to the angles X, Y, Z, respectively, and
S-X Ss-y s-—

2s = z. If =
X+Y+ 4 3 5

2 and area of incircle of the triangle XYZ is 83—“ , then

[JEE (Advanced) 2016, Paper-1, (4, —2)/62]
(A) area of the triangle XYZ is 6 /6

(B) the radius of circumcircle of the triangle XYZ is % J6

(C) sin ﬁsini sinz — i
2 2 2 35
(D) sin{X*Yj =%

In a triangle PQR, let Z/PQR = 30° and the sides PQ and QR have lengths 10+/3 and 10, respectively.
Then, which of the following statement(s) is (are) TRUE?

(A) ZQPR = 45° [JEE(Advanced) 2018, Paper-1,(4, —2)/60]
(B) The area of the triangle PQR is 2543 and ZQRP = 120°

(C) The radius of the incircle of the triangle PQR is 10\5 -15

(D) The area of the circumcircle of the triangle PQR is 100n

QESDI’IBI’\CEQD Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Educating for better tomorrow | Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVSOT - 19

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029




Solution of Triangle “_

9. In a non-right-angled triangle APQR, Let p, g, r denote the lengths of the sies opposite to the angles at
P, Q, R respectively. The median form R meets the side PQ at S, the perpendicualr4 from P meets the
side QR at E, and RS and PE intersect at O. If p = J3, q = 1, and the radius of the circumcircle of the

APQR equals 1, then which of the following options is/are correct ?
[JEE(Advanced) 2019, Paper-1,(4, —1)/62]
J7 V3

(A) Length of RS = > (B) Area of ASOE = T

J3

2

(C) Radius of incircle of APQR = (2- \/5) (D) Length of OE = %

PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

1. For a regular polygon, let r and R be the radii of the inscribed and the circumscribed circles. A false
statement among the following is [AIEEE - 2010 (4, —1), 144]
r 1 r 2
1) There is a regular polygon with — =—. 2) There is a regular polygon with — =—".
(1) g polyg R 2 2 g polyg R 3
. N «E . W o1
(3) There is a regular polygon with R-T2 (4) There is a regular polygon with =3

2=  ABCD is a trapezium such that AB and CD are parallel and BC L CD. If ZADB =6 ,BC =pand CD =q,

then AB is equal to : [AIEEE - 2013, (4, —1),120]
(p® +q%)sin® 5 p® +qg°cosH 3 p% +qf 4 (p® +q°)sin®
pcos0+qsin® pcos0+qsin® p®cosO+qg°sind (pcos6 +qsin®)®
3. With the usual notation, in AABC, if ZA + ZB = 120°, a = /3 + 1 and b = /3 —1, then the ratio /A : /B,
is: [JEE(Main) 2019, Online (10-01-19),P-2 (4, — 1), 120]
(19:7 (2)7:1 (3)3:1 (4)5:3
4, In a triangle, the sum of lengths of two sides is x and the product of the lengths of the same two sides is
y. If X2 — ¢ = y, where c¢ is the length of the third side of the triangle, then the circumradius of the
triangle is [JEE(Main) 2019, Online (11-01-19),P-1 (4, — 1), 120]
C 3 € y
1) —= @ Q) 5 4) —=
(1) 7 oY 3 Ve
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Solution of Triangle “_

Bl Answers
EXERCISE - 1

Section (A) :

A-2. x>5 A3, 75° A8 —— A1 30° A3 10°
2\R

Section (B) :

B-2. gco’[E B-3. 9sq. unit

3 2
Section (C)

C-4. 6,8,10cm C-5. 8
Section (D)

D-2. 3 D-3. 2

EXERCISE - 2
PART -

Section (A) :

A1. (C) A2 (AB) A3. (C) A4 (C) A5 (D A6. (C) A7. (D)
A8. (B) A9. (AB) A-10. (A) A-11. (A

Section (B) :

B-1. (B) B-2. (A B-3. (A B-4. (C) B-5. (B) B-6. (AD) B-7. (B)
B-8. (ABC) B-9. (B) B-10. (AB) B-11. (A) B-12. (C) B-13. (AC) B-14. (C)

Section (C) :
c-1. (A Cc-2. (B) C-3. (BD) C-4. (ABCD)C-5. (A) C-6. (A c-7. (C)
c-8. (B) c9. (D c-10. (D) C-11* (AD) C-.12*. (ACD) C-13. (C)

Section (D)
D1. () D2 (B) D-3. (C) D4 (ACD) D-5. (A

. ) D6. (D) D7. (C)
D-8. (B) D9 (BD) D-10. (C) D-11. (ACD) D-12. (A)

PART -l
1. A 2 (BC) 3. A 4 (ABCD)S5. (B) 6. A 7. (B)
8 (B)
PART -lll
1 (A) = (a) (B) = (p), (C) > (s), (D) —> ()
2 (A) > (s (B) = (p), (C) > (n, (D) —>(a)
EXERCISE - 3
PART -l
1. D) 2 (B) 3. 3 4. (C) 5. (BD) 6. (B)
7. (A,C,D) 8. (BCD) o. (ACD)
PART -lI
1. @ 2 1) 3. @ A (1)
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Solution of Triangle “_

Bl HLP Answers

SUBJECTIVE QUESTIONS

This questions paste Staright Line sheets

1.

10.

11.

12.

In AABC , P is an interior point such that Z/PAB = 10° ZPBA = 20°, ZPCA = 30°, ZPAC = 40° then
prove that AABC is isosceles

In a triangle ABC, ifatan A + btan B = (a + b) tan [%) , prove that triangle is isosceles.

In any triangle ABC, if 2Aa — b?c = ¢®, (where A is is the area of triangle), then prove that ZA is obtuse

cosA + 2cosC  sinB
cosA + 2cosB  sinC

If in a triangle ABC, prove that the triangle ABC is either isosceles or
right angled.

Ina AABC, £ C =60°and £ A = 75°. If D is a point on AC such that the area of the A BAD is /3
times the area of the A BCD, find the £ ABD.

In a AABC, if a, b and c are in A.P., prove that cos A.cot % cos B.cot % , and cos C.cot % are in A.P.
In a triangle ABC, prove that the area of the incircle is to the area of triangle itself is,
7 1 cot A . cot B . cot 2 .
2 2 2
. A.B.C
In AABC, prove that a® (s —a) + b? (s —b) + c2 (s —c¢) = 4RA | 1+ 4smEsmEsmE

In any AABC, prove that

(i) (ry+r,) (rp+ 1) sinC=2r, «/rz L+ L+

. tan 4 tan & tan 1
(i) + + =—
(@a-b) @a-c) (b-a)b-c) (c-a)c-b) A

B-C C-A A-B

(iii) (r+r,) tan +(r+r,) tan +(r+r,) tan =0

(iv) r?+r2+rf+r; = 16R2— a2 —b? —c2
In an acute angled triangle ABC, r +r, =1, + r, and ZB > g then prove that b + 3c <3a<3b + 3c

If the inradius in a right angled triangle with integer sides is r. Prove that
(i) If r = 4, the greatest perimeter (in units) is 90
(ii) If r = 5, the greatest area (in sqg. units) is 330

r1

If ( ——J [1—r—‘] = 2, then prove that the triangle is right angled.
I’2 r3
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Solution of Triangle “_

13. DEF is the triangle formed by joning the points of contact of the incircle with the sides of the triangle
ABC; prove that

(i) its sides are 2r cos%, 2r cosg and 2r cos% ,

c
2

’

A B T
ii its angles are — —-— and —
(ii) i g 5 5 5

N3
N a

and

3
A.

. . . 1 r
(iii) its area is e — —
(abc)s 2 R
14. Three circles, whose radii are a, b and ¢, touch one another externally and the tangents at their points

of contact meet in a point, prove that the distance of this point from either of their points of contact is
1

abc )2
a+b+c)
15. OA and OB are the equal sides of an isoscles triangle lying in the first quadrant making angles 6 and ¢

respectively with x-axis. Show that the gradient of the bisector of acute angle AOB is cosec B — cot
where B = ¢ + 6. (Where O is origin)

16. The hypotenuse BC = a of a right-angled triangle ABC is divided into n equal segments where n is odd.
The segment containing the midpoint of BC subtends angle a at A. Also h is the altitude of the triangle
4nh

through A. Prove that tana = =
a(n —1)

5. 2 ABD = 30°

® | Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ Resonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Educating for better tomorrow

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029




Solution of Triangle

Bl Exercise-1 |

= Marked questions are recommended for Revision.

» e 799 M IFT 9 B

SUBJECTIVE QUESTIONS

fAyari® 999 (SUBJECTIVE QUESTIONS)

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

v (A) : 1 o9, droan i, weisar A9 a1 iR g, vag o

A-1.

Sol.

I\

In a AABC, prove that :
24s ABC # Rig #IfoT fas

(i) asin(B-C)+bsin(C—-A)+csin(A-B)=0

a®sin(B-C) .\ b®sin(C —A) .\ c?sin(A -B)
sinA sinB sinC

iii) 2(bccos A+cacosB+abcosC)=a?+b?+c?

=0

V) b? sin 2C + ¢? sin 2B = 2bc sin A
sinB _ c-acosB
sinC  b-acosC

(
(
(v (a—Db)? coszg + (a + b)? sin2% = C?
(
(

(i) L.H.S.=asin (B—C) + b sin (C—A) + ¢ sin (A —B)
=k sin A sin (B—C) + k sin B sin (C — A) + k sin C sin (A — B)
=k (sin?B — sin? C) + k (sinC —sin?A) + k (sin®A — sin® B)

=0=R.H.S.
2 i 2 & 2 A
(i) LHS. - @ S|.n(B—C) R b S|r.1(C—A) L C S|r1(A—B)
sin A sin B sin C
first torm — a’sin(B-C) _ k?sin® A sin(B—C)
sin A sin A
= k?sin (B + C) sin (B - C)
= k2 (sin? B — sin2C)
2 .
similarly Z3MC=A) o (eine ¢ _ sinz A)
sinB
2 i 4
and %ACB) — ke (sin? A — sine B)
sin
L.H.S. = k? (sin? B — sinC + sin®C — sin®A + sin®> A — sin? B)
=0=R.H.S.

(iii) L.H.S. = 2bc cos A + 2ca cos B + 2ab cos C
=b?+c?—a?+a?+c?—b2+a?+b2—c?

=a2+ b2+ c?
=R.H.S
(iv) L.H.S. = @2 cosZE+sin29 +b? coszE+sin29 - 2ab coszE—sin29
2 2 2 2 2 2

=a2+b2-2abcos C
=a?+b2-(a%+b2-c?)
=c2 =R.H.S.
(v) -~ L.H.S. =b?sin 2C + c?sin 2B
=2b?2sin C cos C + 2c2sin B cos B

= 2k2 sin? B cos C sin C + 2k? sin? C sin B cos B (. b =ksin B, ¢ = ksin C)

= 2k? sin B sin C [sin B cos C + cos B sin C]
= 2(k sin B) (k sin C) sin (B + C)

Resonance”’
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Solution of Triangle

=2bcsin A
c—acosB

RHS= ~———"—
b-acosC

(Vi) -

bcosA b

ccosA ¢

_SnB s
sinC

‘- c=acosB+bcosA,

b=ccosA+acosC

Hindi. (i) 911 vel (L.H.S.) = asin (B-C) + b sin (C - A) + ¢ sin (A - B)
=k sin Asin (B-C) + k sin B sin (C - A) + k sin C sin (A - B)
=k (sin?B — sin2 C) + k (sin?C —sin?A) + k (sin?A — sin2 B)
=0 =g/l u& (RH.S.)
2 2 i 2 o
(i) a7 9 (LH.S.) = a S|'n(B—C) b SII:](C—A)+C 3|'n(A—B)
sin A sin B sin C
2 ai 2 ain? H
Gerd T _a S|.n(B—C) _ k“ sin A sin(B—-C)
sin A sin A
= k?sin (B + C) sin (B -C)
= k2 (sin? B — sin2C)
2 A _
st e, 2 SNMC=A) e sine c - sinz A)
sinB
2 .
e CSNAZB) o sineA—sinz B)
sinC
911 gel (L.H.S.) = k2 (sin2 B — sin?C + sin2C — sin2A + sin? A — sin2 B)
=0 =g/ u& (RH.S.)
(iii) 91 get (L.H.S.) = 2bc cos A + 2ca cos B + 2ab cos C
=b?+c’-a?+a?+c?—b*+a?+b2-c?
=a?+b?+c?
=R.H.S. g1 u& (R.H.S.)
(iv) 11 u& (L.H.S.) = a2 coszg+sin29 +b? 00329+sin29 —2ab coszg—sin29
2 2 2 2 2 2
=a%+b?-2abcos C
=a?+b?—(a?+ b?-c?)
=c2 =Tl 9g (R.H.S))
(v) - 9/l u& (L.H.S.) =Db2sin 2C + c2sin 2B
= 2b? sin C cos C + 2¢? sin B cos B
= 2k2 sin? B cos C sin C + 2k? sin? C sin B cos B (*.* b = ksin B, ¢ = ksin C)
= 2k? sin B sin C [sin B cos C + cos B sin C]
=2(k sin B) (k sin C) sin (B + C)
= 2bc sin A
(vi) -+ <1 uet (R.H.S) = BEEEss "+ c=acos B +bcosA,
b-acosC
b=ccosA+acosC
_ bcosA b
ccosA ¢
_ SB _ arri vt (LH.S)
sinC
A-2 Find the real value of x such that x2 + 2x, 2x + 3 and x? + 3x + 8 are lengths of the sides of a triangle.
X & 98 IRAfAP AM T BITY FGfB x2 + 2%, 2% + 3 AT X2 + 3x + 8 TH S 1 Yo 2 |
Ans. x>5
Sol.
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Solution of Triangle “_

A
¢ b
B a C
For AABC a+b>c, b+c>a, c+a>b
X+4Xx +3>x2+3x+ 8> x>5
X24+5x+11>x2+2x = x>%
2x2 +5x +8>2x+3 = 2x2+3Xx+5>0=> x e R
Common to all is x > 5.
Hindi.
A
c b

B a ©
AABC @& folt  a+bs>c, b+c>a, c+asb
X2+4x+3>x2+3x+8= Xx>5
X2+ Bx+ 11 >x2 + 2% = X>%

2x2 4+ 5x +8>2x + 3
= 2x2+3x+5>0=> xeR

N & forg Swafss x> 5.
A-3.  The angles of a AABC are in A.P. (order being A, B, C) and it is being given thatb : ¢ = J3 142, then

find ZA.
2T ABC & ®101 A, B, C 38 %9 # WH=R A1 § 2 @2 b:c= /3 : 2 B @1 ZA 5rd #IR |
Ans. 75°
Sol. 2B=A+C,
= B = 602
from Sine-rule =1 M & IFAR
a _ b _ ¢ - b_sin B_43
sin A sin B sinC c sinC 2
1
sinC=— = C =45°
2
A =75°

A-4.=_ If cos A + cos B =4 sin? (%j , prove that sides a, c, b of the triangle ABC are in A.P.

HﬁcosA+cosB=4sin2(%J 21, o Rig AR B Bret ABC @) 9ot a, o, b wAR A F ¥ |

Sol. cosA+cosB=4sin2% = 2cos[A;Bj cos[A;B)=4sin2%

A-B

= 2 cos A-B =4sinE = 2cos9 cos =4sinE cos9
2 2 2 2

= 2sin(A+
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Solution of Triangle “_

= a+b=2c = a, ¢, bareinA.P. a,c, bR A3 H B
A-5. If in a AABC, s!nA = s!n(A —B) , then prove that a2, b?, c? are in A.P.
sinC  sin(B-C)

. sinA _ sin(A-B) s bo o .
afe 3ys1 ABC H, snC = sn(B_C) 81, A1 RIg PIY & a2, b?, ¢ AA=R gl o & |

sinA _ sin(A-B)

Sol. _ = — = sin(B + C) sin(B — C) = sin(A + B) sin(A — B)
sinC  sin(B-C)
= sin2B—-sin2C =sin? A—sin2B = 2sin2B=sin?A +sin2C
= 2b%=a? + c? = az, b2, c? are in A.P. = az, b2, c2 AR Ioft & | |

A-6. In a triangle ABC, prove that for any angle 6, b cos (A —6) + a cos (B + 0) = ¢ cos 0.
951 ABC # ol ®1v1 0 % forg Rg #ITT f5 b cos (A - 0) + a cos (B + 0) = ¢ cos 6.

Sol. -+ L.H.S. 9191 u&l = b(cos A cos © + sin A sin 6) + a(cos B cos 0 — sin B sin 6)
=cos 0 (b cos A + a cos B) + sin 6 (b sin A—a sin B)
=ccos0+0 {- bsinA-asinB=0}
=ccos §=R.H.S. ST u&

c c+a _a+b cosA cosB cosC

A-7.=  With usual notations, if in a A ABC, b + , then prove that

11 12 13 7 19 25
afe f3ys1 ABC H, LR =C+a=a+bg,m%W%COSAzcosB:cosC.
11 12 13 7 19 25
b+c=11 k
Sol. b+c=c+a=a+b=k c+a=12 k; = a =7k, b =06k, c=5k
" 12 13 a+b=13 k
cos A DiFCi-a® _ 86+425-49 1
2bc 2x6x5 5
cos B = c?+a?-b? _ 25+49 -36 _ E
2ca 2x5x7 35
cos G X b7 -c®  49+36-25 _ 5 cosA _ cosB _ cosC
2ab 2x7x6 7 7 19 o5

A-8. Leta, b and c be the sides of a AABC. If a2, b? and c? are the roots of the equation
CosA . cosB  cosC in

x3—Px2+ Qx — R =0, where P, Q & R are constants, then find the value of 5 +
c

terms of P, Q and R. _ .
AT @, b 721 ¢ Byt ABC &1 Yoil¢ 2 | If a2, b2 Td ¢ F#Hiaxvl x° — Px?2 + Qx — R = 0, 581 P, Q @2 R

SR R, D A B °°:A . °°§B : °°§C %1 H9 P, QU R & ue) § S g |

Ans.

Al

2JR

Sol. x*—Px2+Qx-R= 0/ b*
\02

a+b>+c?2=P
a?b? + b%c? + c?a? = Q
ab’c? =R = abc = \ﬁ
CcosA N cosB . cosC _ 1
a b c 2abc

[a%+ D% +¢c?] =

P
2JR
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Solution of Triangle “_

A-9.w If in a triangle ABC, the altitude AM be the bisector of «BAD, where D is the mid point of side BC, then
prove that (b2 — ¢?) = a%/2. .
gfe gt ABC 4 wfider= AM @101 BAD &1 31t 81, S8l D 411 BC &1 #ed fag &, o Rig @Ifvw &
(b? - c?) = a%/2.

Sol.

A

br—c2= 2
2
A-10. Ifin atriangle ABC, ZC = 60°, then prove that + I
a+c b+c a+b+c
afs ABC ¥ /C = 60° 9 firg o fs —— 13
a+c b+c a+b+c
Sol. By the cosine formula, we ahve
c? = a? + b?—2ab cosC
or c?=a?+b2—2abcosb0®=a2+b2—-ab ... (i)
Now 1 . i3 _|(b+c)a+b+c)+(a+c)(a+b+c)—3(a +c)b +c)
' a+c b+c a+b+c (a+b)(b+c)a+b+c)
2 2 2
e ibas o) - c AR [from eq. ()]
(a+b)(b+c)(a+b+c)
1 1 3
or +

a+c b+c a+b+c

A-11.a In a triangle ABC, £C = 602 and ZA = 75° If D is a point on AC such that the area of the AABD is
3 times the area of the ABCD, find the ZABD.
ST ABC § £C = 60° T2 £A = 75° 3fe D, AC W fd5 9 UaR & f& AABD &1 &9%q,
ABCD @& &5%hel &l /3 71 & 9 ZABD sTd #IfNT |

Ans. 30°
Sol.  Let h be the length of perpendicular from B on AC
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Solution of Triangle “_

45°—q
. ABAD
Given that =~/3
v xsco P
1
—h.AD
? - ég N ()
—h.DC
2
In ABAD, taking ZABD = o, we have
AD  BD

sina sin75°
CD -
sin(45°—a)  sin60°
.. From (2) and (3), we get
ADsin(45°-a)  sin60°
CDsino.  sin75°

_ J3 +1 [COSOL—SIn(x]= ﬁ 4
22 J2 2

= x/\ﬁ+1003a=(3+ﬁ)sina

:>tana=1/\/§

= o = n/6 = 30°

Hence « ABD = 30¢

And in ABCD, we have

A-12.% In a scalene triangle ABC, D is a point on the side AB such that CD? = AD. DB, if sinA. sinB = sinQ%

then prove that CD is internal bisector of ZC.
Te fqusarg RSt ABC H D 4ot AB &R U& fd=g D 39 UHR & CD2 = AD. DB, 3f< sinA. sinB=sin2%

a9 Rig PIfT f& CD, BT C &1 <R P Aed B |
Sol. Let ZACD = o = #DCB = (C - )
Figuire
C

A B
D
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Solution of Triangle “_

Applying the sine rule in AACD and in ADCB respectively, we get
AD CD and BD  CD N ADBD _ CDp?
sina  sinA sin(C—a) sinB sinasin(C—a) sinA.sinB

= % [cos(2a — C) — cosC] = sin2%

= 1 [cos(2a.—C) -1 + 2sin29] = s.in29
2 2 2
= cos(2a—C) =1
Sa=—
2
Thus, CD is the internal angle bisector of angle C.

A-13.=In triangle ABC,D is on AC such that AD = BC , BD = DC, «DBC = 2x, and ZBAD = 3x, all angles are in

Ans.
Sol.

degrees, then find the value of x.
AABC # D ,AC W 39 U&R & f& AD =BC, BD = DC, ZDBC = 2x, 3R ZBAD = 3x, 94! &v1, f&fi #
2 9 X BT 94 A1 DI |

10°
In AABC ,

AC  BC a+p a
sin5x  sin3x sin5x  sin3x
A

In ABDN, cos2x = a
2p

or a = 2p cos2x

2pCcos2x+p  2pCcos2x
sin5x "~ sin3x

or 2sin3x cos2x + sin3x = 2sin5x cos2x

or sin5x + sinx + sin3x = sin7x + sin3x

or sin7x — sinbx = sinx

or 2c0s6x sinx = sinx

From eq. (i),

or cosbx = % = Xx =102

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

circumradius

Tug (B) igdvl, By &1 &awa ik aRfew #§ St a=w

B-1.

I\

In a AABC, prove that
f2ryst ABC # g #Ifdie 5 —
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Solution of Triangle

Sol.

I\

(iif)

(iv)

2[asin2%+csinzg} =c+a-bh. (ii)

4 (bc.cos2 g +ca.cos® % +ab.cos® %j =(a+b+c)?

(b—c) cotA +(c—a) co’[E +(a-b) co’[E =0
2 2 2
4A (cot A +cotB+cotC)=a?+b%+c?

2abc A B C
.COS— .COS—.CO0S— =A
a+b+c 2 2 2

L.H.S. (131 u&) = 2a sin? % +2¢c sin2%

=a(1—-cosc)+c(1-cosA)
=a+c—(acosC+ccosA)
=a+c-b

=R.H.S. (311 Ue)

2 A 2 B 2 C
_ cos"—  C0Ss°—  Ccos”—
- L.H.S. (3t uet) = 2, 2 . 2
a b c
_ 1 s(s-a) . 1 s(s—b) . 1 s(s-c)_ s(Bs—(a+b+c)) s
a bc b ca c ab abc abc
L.H.S. (/i u&) = 2bc(1 + cos A) + 2ca(1 + cos B) + 2ab(1 + cos C)
= 2bc + 2ca + 2ab + 2bc cos A + 2ca cos B + 2 ab cos C
=22ab +a2+b?+c2=(a+b+c)2=RHS. (S Ua)
- LH.S. (@i uet) = (b-c) cotg +(c—a) cotg +(a—Db) cotE
coS— cosA
- (b—-c) cot% = k(sin B — sin C) A2 - 2k cos(BZC) sin[B_Cj

sin—
2

2

=2k sin(BZCJsin[B_Cj =k [cos C — cos B]

similarly (3 U®R) (c—a) cotg = k[cos A — cos C]

and (3iR) (a-b) cot% = k[cos B — cos A]

. L.H.S. (137 u&) = k[cos C — cos B + cos A — cos C + cos B — cos A]

=0
=R.H.S. (31T Ue)

(v) L.H.S. 911 u&T = 4A (cot A + cot B + cot C)

(vi) L.H.S. 931 ueT = :

cos A cosB cos C
=4A| — +— -
sin A sin B sin C

=2bccos A+2cacos B +2abcosC
=a2+b?2+c?=R.H.S. gI Uy

2abc A B C
COS — .COS — .COS —
+b+c 2 2 2

sin—
2

{ A = 1 bc sinA}
2
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Solution of Triangle “_

_ 2 abc \/s(s—a) s(s—b)  s(s—c)
T 2s bc °~ ca  ab

= (s(s—a)(s—b) (s—c) =A=R.H.S. 30 u& .

B-2. If the sides a, b, ¢ of a triangle are in A.P., then find the value of tan%+ tan% in terms of

cot (B/2).
afs &l Bgs a1 Yol a, b, ¢ IR AL H B, A tan%+tan% ®1 A cot (B/2) & Ul ¥ =@
BHIFY |
Ans. gcotE
3 2
Sol. v 2b=a+c (i)

tanA +’[an9 = [s=b) (s—c) + [(s—a) (s-b)
2 \ s(s-a) | s(s—c)

2
s-b [ s—-c+s-a }_ b s(s—b)
s

s (s—a)(s—c) (s—a) (s-c)
—@ﬂ—&COtE—ECOtE
~ 2s\(s-a) (s-c) 3 2 3  2°

B-3. IfinaAABC, a=6,b=3andcos(A-B)=4/5, then find its area.
afs fyst ABC 3, a =6, b = 3 Td cos(A - B) = 4/5 81, Al $AST &% 910 DI |
Ans. 9 sq. unit

Sol. a=6,b=3 and eI cos(A-B)=4/5
tan (A=B| _2-b . C 0
2 a+b 2
tan? A-B _ 1—cos(A —-B) _ 1
2 1+cos(A-B) 9
A-B 1
tan = —
SN
from (i) &, we get 1 4 1cot9 = C =90°
3 3 2
Area &F%Hd = %ab:gsq. unit T 3HTS

B-4.= If in a triangle ABC, £A = 30° and the area of triangle is
B=4CorC=4B.
2
afs Brgst ABC 3, ZA = 30° qen %rﬁvfiﬁraﬁm\/?Ta 81, o g $IY % a1 @1 B=4Ca1C =4B.

, then prove that either

J3 a2
4

2
Sol. - /A=30° anddal A= ‘/54 a
1 bc sinA = ﬁ az = 1 bc sin30° = ﬁ a2 = bc = /3 a2
2 4 2 4
o . o J3 . 1
= sinB sinC = \ESWA = sinB sinC = T as 91 f& sinA = >
= cos(B—C)—cos(B+C)=§ = cos(B—C)+cosA=§
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Solution of Triangle

~  cos(B-C)=0 (as 9 o 2 =30° = cos A= 2
= B-C=90° ora1 B-C=-90°
But wifd=1 B+C=150° as A=30° (Rife faar & A = 30°)

case (i) : if afd B—-C =90°

anddaB + C=150° = B = 120° and 71 C = 30° = B=4C
case (i) : if afd B—C =—-90°
anddaB+ C=150° = B =30°and dem C = 120° C=4B.
Section (C) Inradius and Exradius
@ug(C) srafarsar R
C-1. Inany AABC, prove that
2ryst ABC # g #Ifdie b —
(i) Rr(sinA +sinB +sinC)=A (i) acosBcosC+bcochosA+ccosAcosB=%
(i) sty v)s cost X ycost B 1o & 2oy L
ab bc ca 2Rr 2 2 2 2R

(Ve acotA+bcotB+ccotC=2(R+r)
Sol. (i) ~~ L.H.S. (i uet) = Rr(sin A + sin B + sin C)

_Rr a+b+c A
2R

» | >

_ 18 s
2

(i) - L.H.S. (ara1 u&l) = a cos B cos C + cos A(b cos C + ¢ cos B)

= a[cos B cos C + cos A]
= a[cos B cos C — cos (B + C)]
=asinBsinC

b ¢ abc 4RA A

=q. —., — = — = — = —
2R 2R 4R* 4R®* R
(il LH.S. (arai vy - S¥3*0 2 1 1
abc 4RA  ,pA  2Rr
s
(iv) L.H.S.ani:%(1+cosA+1+cosB+1+cosC)
_as114 sin & gin B gnS)on. 1L o, &
2 2 2 2 2 R 2R
(v) L.H.S. 9131 uet = acc,’S A C(_)S B +cC(,)S C
sin A sin B sin C
=2R 1+4sinésinEsin9 =2R+2r=2(R+r)
2 2 2
C-2. Inany AABC, prove that
fedl Brys1 ABC ¥ fig @ifoig & —
(iyr.or .r,.ry=A2
, 11 A 1 a’+b%*+c?
()= r,+r,—r,+r=4RcosC. (iii) r_2+r1_2+r2_2 +r3—2: A
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Solution of Triangle

Sol.

C-3.

Sol.

I\

/\p

2
W) [1+l+l+lj _4 [l+l+lj V)= be-r,f, _ca-nn _ab-rr _
rrn rh I rin rh I r, r, fy
A4

" s(s—a)(s—b)(s —c)

(if) r,+r,—r,+r=4RcosC LHS. = & 4 A_LA
s

s—a s-b s-c

A{s—ms—a}_A{L_l}:A{ c _c } A { s(s—c)—(s—a)(s—b) }
(s—a)(s—b) s—Cc s (s—a) (s—b) s(s—c) s (s—a) (s=b) (s—c)

Ac [s® —sc—s® +s(a+b)—ab] _c [s(a+b-c)-ab] _ cl(a+b+c) (a+b-c)-2ab]

A* A 2A
_c (@a+b)y-c*-2ab| ¢ (a®+b®-c?)
2A 2A
2 12 _ A2
cos C = a+b—c LHS. = ¢ (2abcosC)
_ abczosC _ 4 R AAcosC — 4RcosC
i) v LHS.= srbr e o (e (s—apt(s—be+ (s-c)]
o 1.0, r,2 r12 r22 r32 Az
2
= % [4s2—-2s(a+ b + ) + Xa?] = ZAf = R.H.S.
2
(iv) L.H.S.=[1+l+l+1] =l2(s+s—a+s—b+s—c)2=4$—2
rr r A A
RHS‘i l+l . l(s—a+s—b+s—c)—i s _ 4
Tl o)A = AP
bc 1= [2fs bc| 1- A®
(v) bc—rr _ bc ) _ bc (s—b)(s—c)
g e #
be [1-55=2) be [1-cos? 2
_ bc ) _ 2
r, A
stan—
2
.2 A A . A A
bcsin EcosE ) bc.(2sin EcosE) _bc sinA _ 2A »
ssin2 2 s 2 s 2s
2
similarly we can show that $¥! &R qifar o wwar & fs 2l _ ab—rp, _ |

f 3

Show that the radii of the three escribed circles of a triangle are roots of the equation
X3—-x2(4R+r)+xs2-rs?=0.

yeRRfa S f Brgs @ TF1 afdgal @ B, I WfeRT - x2(4R+1) +x 82— rs2=0% A © |

D =r A,
ro+r,+r,—r=4R D =4R+r

dorr, =2
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Solution of Triangle

3 3
r, = = =%=sA=rs2
(s—a)(s—b)(s-c) A

/\p

. equation having root r,, r,, r, is o Ty Ty, T el aTel FHIBReT B

x3— (4R + nNx2 + (s?)x —rs2 = 0.

C-4.  The radii ry, r,, ry of escribed circles of a triangle ABC are in harmonic progression. If its
cm and its perimeter is 24 cm, find the lengths of its sides.

area is 24 sq.

afe st ABC @1 &i=thel 24 @ A4l e aRHTT 24 W &1 e |l & qféqel o oA rpry ry 8 4L

H B, A1 3HD! Yol B THIg A DI |
Ans. 6,8,10cm u#

Sol. - A=24sq.cm T JH ... (i)
2s=24 = s=12 ... (ii)
X r,, I, Iy are in H.P. Iy, Iy BRICHD Gl H B
l, l lareinA.P. l l le_vl’\’%\TEﬁﬁ%I
r1 r2 r3 r1 r2 r3
s-a S_b, S~C arein AP. s-a S_b, STC FuR S W R
A A A A A A
a,b,careinA.P. a, b, c =R I H B = 2b=a+c
2s =24
a+b+c=24
3b=24
b=8 =3 a+c=16
But ©fs A = \[s(s—a) (s—b)(s—c)
= A = J12(12-a)(12-8)(12—c) —  24x24=12x(12—a)x4x(12-c)
—2x6=144—12(a+0C)+ac —  12=144-192+ac
ac=60and3R a+c=16 a=10,c=6 ord a=6,c=10 and3iRb=8

C-5.  If the area of a triangle is 100 sq.cm, r, = 10 cm and r, = 50 cm, then find the value of (b - a).

e v st &1 &=he 100 a9 I, r, = 10 9 Ta r, = 50 |41 &1, 1 (b — a) BT q19 &1
Ans. 8

Sol. D =100 cm?
(=2 _10 —~  s—a=10 ... (i)
S—a
rz=ﬁ=50 N s—b=2 ... (i)
(i) — (i)
b-a=8

Section (D) Miscellaneous

gvs (D) fafag
D-1. If a, B, y are the respective altitudes of a triangle ABC, prove that
afe 34t ABC & Vel 93k o, B, v 81, O Rig dIfoig f& —
: 1 1 1 cotA+cotB+cot C . 1 11 2ab
(i) — t 5t = (i) —+——— =
o § Y A a By (@+b+c) A

BITY |

COs™ —
2

Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, K

®
Resonance — : i .
Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow
Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

ota (Raj.)-324005




Solution of Triangle “_

, 2A 2A 2A 1 1 1 a®+b°+c?
SOl. (|) o o= —,B:—, Y= — = _2+_2+_2 - >
a b c o BTy 4 A
R.H.S.mm'tm:mt A + cot B + cot C _ 1 (bc cos A , ca cos B+ab cos C
A A 2A 2A 2A
a® +b® +c?
T 4N
L.H.S. 91a1 u&l = R.H.S. T3l vl
(i) 1+1_1 _ a+b-c _ 2(s—c) _s-¢
a By 2A 2A A
RH.S. @i ge = — 280 02C __2ab  s(s=c)
(a+b+c)A 2 (2 s)A ab
_s-c¢
A

L.H.S. 91 9 = R.H.S. /i uet

D-2.= If in an acute angled AABC, line joining the circumcentre and orthocentre is parallel to side AC, then
find the value of tan A.tan C.

e B =gADIT AABC H, URS=< T b= B AT arell Y@ AC & |AR 8l dl tan Atan C &1

A A1 DI |
Ans. 3
Sol. line joining the circumcentre and orthocentre is parallel to side AC
IRe< TAT 79 = B Ha™ arell 3@, Yol AC & FHI=R &,
= R cos B=2R cos Acos C = —cos (A+C) =2 cos Acos C
= sin A sin C = 3 cos A cos C = tan Atan C =3

D-3.= A regular hexagon & a regular dodecagon are inscribed in the same circle. If the side of the dodecagon
is (\/5 - 1) , if the side of the hexagon is {‘/E , then find value of k.

T FHYCHSl AR TP §HARE 4ol b @ gu & of<x MHd o, e dReYS & T Yol & owTg
(\/5—1)31?1%%6%3@13%6@% Yk 2, @ k BT AT 2
Ans. \/5

Sol.

For dodecagon ~ A'OB' = 2n = 30°

12
- /OA'B =/ 0OB'A'=75° = _R =\i/§_1
sin75° sin30°
L poWB-1 (B4 . R-2

1
22 x —
2]
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Solution of Triangle “_

For hexagon

= A AOB is equilatecal = AB=R= 2

Hindi 99IRE 491 &g 4A'OB'=12—Z=30°:>AOA'B'=AOB'A'=75°

sin75 sin30 2\EX§
2n
yeqdl & forg £ AOB = ) = 60°
= A AOB w#aTg st 2 = AB =R = 2
D-4.» If D is the mid point of CA in triangle ABC and A is the area of triangle, then show that
tan (ZADB) = 22
a’-c
afs st ABC 3 CA &1 #eg fa=g D den 3 &1 &awdl A 81, A1 usRia sifoig
tan (ZADB) = A
a’-c
B
c b A
Sol. D
Let a1 <« ADB=6
we have to prove that 81 Rig &% 8 f& tano = 24A .
a’-c
if we aply m — n rule, then m —n T &1 TAN A W

(1 +1) cotd = 1.cot C — 1.cotA.
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Solution of Triangle “_

_cosC cosA _abcosC bccosA 1 b? +a? —c? _b2+cz—a2

sinC SinA 2A 2A 2A 2 2

1
= — [2(a®-c?

y [2( )]

2 _ 2
2cot0 = a-¢ tano = 24A 3
a?-c

Bl Exercise-2 |

= Marked questions are recommended for Revision.

= Fiffed o Sevm aFg ueE 2
PART-I (OBJECTIVE QUESTIONS)

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

Gvs (A) : 51 9, dron AW, weisar fa| a1 AfR sy, e A

A-1. InaAABC,A:B:C=3:5:4.Thena+b+c\/5isequalto
YT ABC#H A:B:C=3:5:48 dMa+b+c 2 & A 8 —

(A) 2b (B) 2¢ (C*) 3b (D) 3a
Sol. A:B:C=3:5:4 A=45°,B=75°,C=60°
from Sine - rule <1 99 & TR
a b c a b ¢ _ o o o o o
SnA = SnB - snC =k = I_—\/gﬂ _ﬁ =k (- sin 75° = sin(45° + 30°))
2 o 2
K (B Kk
a—ﬁ,b—[ﬁ] kand&ﬁ_\’c— 5
_ ko [AB+1 k3 ko CBK(3+1)
a+b+cf_ﬁ+{zﬁJk+( > j\/__zﬁ[2+(J§+1)+2\/§J_7_3b

A-2*. In a triangle ABC, the altitude from A is not less than BC and the altitude from B is not less than AC.
The triangle is

(A*) right angled (B*) isosceles (C) obtuse angled (D) equilateral

ABC % A ¥ ¥ifer, BC ¥ & &1 ® don B 9 e AC ¥ & 721 8, a9 B & —

(A) FHBITT (B) wHfgarg (C) a1 1o (D) GHaTg
Sol. GivencsinB>a

= sinC sinB > sinA
and a sinC > b = sinC sinA > sinB
SinA

= sinC. sinA > sinB > —
sinC

.. s8infC>1 =sinC=1= ~ZCis g

cosA cosB cosC

A-3. IfinaAABC, , then the triangle is :

b
(A) right angled (B) isosceles (C™) equilateral (D) obtuse angled
! A cosB cosC
afy Brget ABC #, 2250 - = g1, @ Bt & -
K a b ¢
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Solution of Triangle “_

(A) FFHTT st (B) wafgarg By (C) wwarg Byt (D) 31fd® ®Ivr s

Sol. givenfea g SOSA_C0SB_cosC o (i)
a b c
a=ksinA,b=ksinB,c=ksinC (i) becomes (i) § UART &RA W
cotA:cotB:cotC A-B-C
k k k
AABC is an equilateral triangle (<1 ABC T& w¥aTg <l 8 1)
o
A-4. In a AABC besin” A is equal to
cosA +cosBcosC
(A) b2 + c2 (B) bc (C*) a? (D) az + bc
: bcsin® A
1 ABC ¥, IR B—
Rk cosA +cosBcosC
(A)b?2+c2 D (B) bc & (Caz & (D) a2 + bc ®
Sol bcsin® A _ k?sinBsinCsin® A _ k®sinBsinCsin’ A K2 sin? A — g2
| cosA +cosBcosC ~ —cos(B+C)+cosBcosC sinBsinC N S

(tanA +tanC).tan’B .

A-5xw  Given a triangle AABC such that sinA + sin?C = 1001.sin?B. Then the value of 2

tanA +tanB +tanC
_ . . 2(tanA +tanC).tan’B
3951 ABC # sin?A 2C = 1001.sin?B. dd TRIER B —
fee 1 3 SINTA + Sin ' tanA +tanB +tanC
(A) 1 (B) (o (D7) L
2000 1000 500 250

Sol.  sin?A + sin®C = 1001 sin®B
= a?+ c? = 1001 b? (using sine rule)

Now (2tanA +tanC).tan’B _ 2(tanA +tanC).tan’B _ 2(cotA +coth

tanA+tanB+tanC ~ tanA.tanBtanC cotB
_ sinB 2(cosAsinC +sinAcosC) _ 2sin(z—B).sinB _ 2sin’B
sinA.sinC.cosB sinAsinCcosB sinAsinCcosB
2 x 2b? 2x2b? 2x2b? 1

T 2ac.cosB  a®+c?—b? 10000 250

A-6. Ifinatriangle ABC,(a+b+c)(b+c—-a)=k.bc,then:

(A)k<0 (B)k>6 (C0<k<4 (D)k>4
afs AYSTABCH (a+b+c) (b+c—a)=k bcd, a —
(A k<0 (B)k>6 (CY0<k<4 (D)k>4
Sol.  (@a+b+c)(b+c—a)=kbc = (b +c)?—a?=kbc
2 22 _
b2 + 2= a2 = (k — 2) be - B s
2bc
: k-2
- InaAABCH -1<cosA<1 -1< 5 <1
O<k<4

A-?. In a triangle ABC, a: b: ¢ =4:5:6. Then 3A + B equals to :
31 ABC#, a:b:c=4:5:67% @ 3A+B& A 23—

(A) 4C (B) 2n C)n-C (D) =
Sol. ‘~a:b:c=4:5:6 .. a=4k,b=5k,c=6k
ct+a’-b> 9 b?+c?-a® 25+36-16 3
‘- cosB= ——— = — ‘+ COS A= = ==
2ac 16 2bc 2x5x6 4
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Solution of Triangle

. c0s3A=4cos* A-3cos A

27 3 27 9 27-36 -9
=4x——3x—=——— = —
64 4 16 4 16 16
cos 3A = —cos B = cos (r - B)
BA+B=nx
A-8.=. The distance between the middle point of BC and the foot of the perpendicular from Ais (b > ¢) :
—a% +b2 +c? . b?—c? b? +¢? b? +c?
A ——(— (B%) (C) (D)
2a 2a Joc 2a
YN BC & wea fag vd o A9 STl T &9 & U8 & 79 g1 & (b >¢)
—a% +b? +c? . b?—c? b? +¢? b? +c?
A ———— (B%) (C) (D)
2a 2a Joc 2a
Sol. : ED=%—ccosB
_a_. a® +c? -b?
T2 2ac
_a [a®+c®-b*) _ a*-a’-c®+b®  b®-C?
T2 2a - 2a ~ 2a
A-9*. Ifin atriangle ABC, cos A cos B + sin A sin B sin C = 1, then the triangle is
(A*) isosceles (B*) right angled (C) equilateral (D) None of these
Ife st ABC H cos Acos B +sin AsinBsin C =18, a1 3yl & —
(A) THfgarg Byt (B) T st (C) awarg st (D) 374 9§ PIs T2
Sol. - sinC= 1ZCOSACOSB _ 1 c(A—B)>1 — cos (A—B) =1
sinAsinB
2
—A-B=0 =A=B . sinC= =S A _ = C = 90°
sin® A

A-10.=Triangle ABC is right angle at A. The points P and Q are on hypotenuse BC such that BP = PQ = QC.

If AP = 3 and AQ = 4, then length BC is equal to
95T ABC 3 AR S5ahivl 2 | fag P 3R Q % BC &R 9 UaR 8 & BP = PQ = QC.
Ifd AP =3 3R AQ =49 BC & oS & —

(A*) 3\5 (B) 53 (C) 45 (D)7
Sol.
B
X
p
s c
Q
X
C - A

Let BP = PQ =QC = x
In AABP, using cosine rule
9 =c? + x2—2cx cosB
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Solution of Triangle “_

ButcosB= — (1)
3x

C2

=>9=x2+ —
3
similarly using cosine rule in AACQ , we get

2

Boxes 2 2)
3

2 2
Adding (1) and (2), we get 25 = 2x2 + [b%cj

2
o5 = oxeq OX)S
3
- 25 = 2x2 + 3x2
. xe=5
~BC=3x =35

A-11. In AABC, bc = 2b? cosA + 2c? cosA — 4bc cos? A, then AABC is

(A*) isosceles but not necessarily equilaterial

(B) equilateral

(C) right angled but not neccessarily isosceles

(D) right angled isosceles

AABC % be = 2b2 cosA + 2¢2 cosA — 4bc cos? A, 79 AABC & —

(A) GRlEETg IR 3Maedd T8l b FHaTg (B) |HaTg

(C) FHSTT a1 uR] ey g1 & FHfgarg (D) Aafgarg FHaIv s
Sol.  bc =2b? cosA + 2¢? cosA — 4bc cos?A

= bc =2 cosA (b? + c2— 2bc cosA)

= bc = (2cosA)a?

= BC _cosA-= biet

2a® 2bc

= b%c? = a?(b? + ¢ — @)

= (a®-b?) (a2—c?) =0

Thus, triangle is isosceles

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

circumradius
gus (B) sigaivl, Bryet &1 &a%d AR IR # Seviffte =

B-1. Ifin atriangle ABC, right angle at B,s —a=3 and s — ¢ = 2, then
345t ABCHIBWR §H®I &, H s—a=3Tds-c=27% al —

(A)a=2,c=3 (B*)a=3,c=4(C)a=4,c=3 (D)a=6,c=8
Sol. s—a=3 ..(1) and s—c=2 ..(2)
by (1) = (2), we get
c—a=1
(1) +(2),weget2s—a-c=5 = b=5
- AABC is right angled at B
az+c2=25 .-(3)
(c—a)*+2ac =25
ac=12 ..(4)

al+a)=12=a+a-12=0
=>((@+4)(@a-3)=0
= a=3andc=4.

QESDI’IBI’\CEQD Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Educating for better tomorrow | Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVSOT - 18

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029




Solution of Triangle “_

Hindi -- s—a=3 (1) SR s—-c=2 ..(2)
JHHIO (1) § A (2) B "ge™
c—a=1
JHHR (1) H (2) BT e IR
2s—-a-c=5 = b=5
AABC ¥4 B ®R FH®IV &, a?+c2=25 ..(3)
(c—a)®+2ac=25
ac=12 ..(4)
al+a)=12=a?+a-12=0 = (a+4)(@a-3)=0 = a=33Rc=4.

B-2. Ifinatriangle ABC, b coszg +a cosZg = %c, thena,c,bare:
(A*) in A.P. (B) in G.P. (C) in H.P. (D) None

Ife fdr Byt ABC ¥, bcosZ% +a00322 = %c,%‘f, dla,c,bd —

(A) FATR 21T H (B) IR Sidl | (C) & 91l H (D) 3 9 B3 8 |

Sol. - b cos? A +a cos? B _ gc. = b s(s-a) +a s(s—b) _ gc.
2 2 2 bc ac 2
= E[s—a+s—b]=§c:> E><c=§c = R =3—C = a+b=2c
c 2 c 2 2 2
— a,c,barein A.P. a, c, b AR A H B

B-3.w If H is the orthocentre of a triangle ABC, then the radii of the circle circumscribing the triangles BHC,
CHA and AHB are respectively equal to : _
Ifs 3yt ABC &1 e H &1, a1 3yl BHC, CHA Td AHB & IRvId g<ii &1 f3rsamd saer: & —

(AR, R, R B) \2R, V2R, V2R (C) 2R, 2R, 2R o5, 2.8

Sol.
A
C|B

B C

In AHBC is we apply Sine-rule, then we get

_BC _.»

sin(B+C)

2 _2R=2R=2R'=R=FR

sin A

. circumradius of AHBC (i.e. R") = R

Similarly we can prove for AHCA and AHAB.
Hindi

A
C|B
B C
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Solution of Triangle

B-4.

Sol.

Sol.

B-6.*

Sol.

st HBC ¥ w1 foem & s &

| BC _oR

sin(B+C)

8 _JR = 2R-2R'=R=R
sin A

.. AHBC &1 uRf3rsan (sfifq R') =
391 TBR AHCA 3R AHAB & ford ff Rig fham <1 et 21

InaAABCifb +c = 3a, then cotg : cot% has the value equal to:

st ABCH afdb +c=3a @, Fﬁcotg -cot% HTAM T —
(A) 4 (B)3 (C* 2
C _ s(s—Db) s(s-c) s
2 \(s-a)(s-c) \(s—a)s-b) s-a
a+b+c 4a
= = — =2 ('.'
b+c-a 2a

cot

-+ cot E
2

b+c=23a)

93
2

Ina AABC, A = ? b-c=23 3 cmandarea (AABC) =

A) 6 /3 cm (B*) 9 cm (C) 18 cm (D) 7

——cm?2. Then ‘@’ is

cm

f%rgaABcfrA_— b-c=3 3 ¥ vd &=%a (AABC) = Q‘Faﬁﬁwﬂg‘reﬁazﬁrm%—

A) 6+/3 B
- A= 2E
3

(B) 9 ¥
b—c=3.3

= _9J§
2 2

(C) 18 &+t

(D)7
and @1 Area (3% d) 93

=—cm2

2n

A=%bc sin A bcsm? = bc =18

(b—c)® +2bc —a® 1
= =——
2bc 2

2r  b?+c?-a?
cos? =" <

1
2bc 2

Gkl

a=9

The diagonals of a parallelogram are inclined to each other at an angle of 45°, while its sides a and b (a

> b) are inclined to each other at an angle of 309, then the value of a is

AR g & dH0 U gAY Pl 452 R P& gY & Idid sAD! oIl a iR b (a > b) TH

aﬁwwsga%%aagmﬂﬁé—

(A*) 2cos36°

b J45°
P

A a B
Let AC =d, and BD =d,

T ¥ 309,
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Solution of Triangle

Hindi.

Sol.

B-8*.

I\

Area of parallelogram is %d1d2 sin45% =2 (%absinsogj =d,d, = 2 ab

where d,2 = a2 + b? — 2ab cos 150° = a2 + b? + /3 ab
and d,? = a? + b? — 2ab cos30° = a2 + b2 — /3 ab
= d,2d,?= (a2 + b?)?— 3a%b?

= 2a?h?= (a2 + b2)2— 3a%b?

= a*+ b*— a2b2

HT AC = d, 921 BD = d,

AR TGYS &bl = %d1d2 sind45° = 2(%absin30‘—’] =dd,=2ab

el d2 = a2 + b2 — 2ab cos 1502 = a2 + b2 + /3 ab
3R d,2 = a2 + b2 — 2ab c0s30° = a? + b? —+/3 ab
— dzd,?= (a2 + b?)2— 3a%b?

= 2a%b? = (a? + b?)?2— 3a%b? = a‘+b*-3a%b?=0

el

2
(2 \F+1 J5 +1
b 4 2

Ifin a AABC, A = a2 — (b — ¢)?, then tan A is equal to
afe &l st ABCH, A = a?— (b —¢)?8l, dltan A®T A § —

(A) 15/16 (B*) 8/15 (C) 8/17
A=(@a+b-c)(a-b+c)
A=4(s—c)(s—Db) = A 1
(s—=b) (s —c)
2’[anA 8
tanA_—2A = tanA= —
= tan22 15

31

Ifina AABC,a=5,b=4andcos (A-B)= 3—2,then

57

(A c=6 (B*)sinA:{ 6

gfe fBvfl AABC & oy, a=5,b =4 3R cos (A-B) = —

] (C*) area of AABC =

(D)c

=8
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Solution of Triangle “_

(A")c=6 (B*) sinA = {%] (C*) AABC &1 81 F%d = @ (D)c=8
Sol. (A) tan[ A=B) _ (2D cotg ......... (i)
2 a+b 2
1 31
2(A—Bj 1-cos(A -B) 30 1
tan = = =
2 1+cos(A-B) , 31 63
32
tm{A_BJ=—J— .+ a=5andqTb = 4
2 3.7

from equation (i), we get ~ FHIHRUI (i) |
1

L [5_4j otS = 18 = oot = 2
37 \5+4 2 37 9 2 PR
1—tan’C/2 1-7/9 2 1
cos C = 5 = - £ - _
1+tan“C/2 1+7/9 16 8
2 2 _ .2
cosC=b+a—C — c2=a2+b?—2abcos C = c=6
2ab
(B), (C) - Area 8IF%d = lab sinC - cosC = 1 = sinC = g1—i = ﬂ
2 8 64 8
Area = l x5 x4 x S\ﬁ
2 8
Area &/%el = sq. unit. @ SHIY -+ From Sine rule <1 fFam @ a1 9
.a _ 'b _ 'c ~ sinA < asinC _ 5><3\/7 SinA = 5\/7
sinA  sinB  sinC c 6x8 16
2 2
B-9. If R denotes circumradius, then in AABC, ; is equal to
(A) cos (B—C) (B*) sin (B—-C) (C) cos B—cos C (D) sin(B + C)
2 2
afe R uRfFsan 1 yefRia #=ar &1, @1 3yst ABC # bg_; P AM B —
a
(A) cos (B—C) (B) sin (B — C) (C) cos B—cos C (D) sin(B + C)
2_~2  4R?*(sin?B-sin’C - in(B —
ol . D¢ ( . )=amB+qsm® -
2aR 2.2RsinAR sinA
B-10*. Which of the following holds good for any triangle ABC?
fodY ft AABC @ for, i & & 90 8 —
« COsA cosB cosC a®+b®+c? « SINA  sinB  sinC 3
(A") + + = (B*) + + = —
a b c 2abc a b c 2R
cosA cosB cosC sin2A  sin2B  sin2C
(C) = = D) —F—=—%"=——>
a b c a b c
cosA cosB cosC b?+c?-a® c?+a’-b?  a’?+b®-c?
Sol. (A) + + = + +
a b c 2abc 2abc 2abc
_a’+b?+c?
2abc
sinA sinB sinC a b c 3
(B) + + = + + = —
a b c 2R.a 2RDb 2R.c 2R
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Solution of Triangle “_

(@) CosA = CObSB = cosC = cotA=cotB=cotC = A=B=C
a c

true for equilateral triangle only ®da \9aTg st & forg | 8
sin2A _ sin2B _ sin2C

a? b2 c?

(D)

2sinAcosA  2sinBcosB ~ 2sinCcosC
k? sin® A k?sin’B k?sin?C

= cotA=cotB=cotC = A=B=C = true for equilateral triangle only

&Hael wAaTg B @ fog v ®

B-11. A triangle is inscribed in a circle. The vertices of the triangle divide the circle into three arcs of length 3,
4 and 5 units. Then area of the triangle is equal to:

&l g A e By s S § 1 By & ¥ g9 @1 3 3PS, 4 318 U 5 @13 b A @i |
furféra #=a &, @ Bryst &1 aa%d & —

T 2 ? 2 r?

Sol.

arc I
angle= —~—— ... 1 P =
g radius M T
- 4+5+3=2nR =3 R =6/
.5 5
R 6
3 b1
2B= = = — and 3R
R 2
oc- & _2r
R 3

Area of A ABC &1 &% d = %R{sin%+sin%+sing}

_ R—z{ﬁ+l+1:| _ R_Z[w/&s} B+ 36 _ 3B+
4

2 = 2

2| 2 2 2| 2 |~ - T

B-12. In a AABC, a = 1 and the perimeter is six times the arithmetic mean of the sines of the angles. Then
measure of L A'is
33yt ABC #, a = 1 3R gRATg, S0 &1 RIRIT & FAMGR A BT B T[T &), a1 BT A $BT 719 & —
/I I
A) = B) —
A) 3 ®) 3
Sol. a=1
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Solution of Triangle “_

B-13*.

Sol.

. og e 6[smA+smB+sij

3
og = 2 a+b+c
2R

R=1

8 _oR=sinA= o

sin A 2
A=T

6

Three equal circles of radius unity touches one another. Radius of the circle touching all the three
circles is :

SHTE o & 9 99 99 Uh §ER B W R 2 | dE1 gl B W B arel g9 @l Boar § —
2-J3 3 -2 2+43 3 +42

A*) ——— B) ——— c* D) ————

(A%) N (B) N (CY) N (D) N7

Let the radius of the inner circle be x

A A T A g B R B arel BT g9 (REAER) @ S x 2

- c0330°=L=£
X+1 2
X+1=£
B
(. 273
NE]

. radius of other (shaded) circle

ﬁﬁ@ﬁqﬁaﬁwﬁwﬁmﬁa@qa(ﬁaw)aﬁﬁw
=2+X=2+2_\/§=2+\/§

V3 3

B-14.= Triangle ABC is isosceles with AB = AC and BC = 65 cm. P is a point on BC such that the

Sol.

perpendicular distances from P to AB and AC are 24 cm and 36 cm, respectively. The area of triangle
ABC (in sg. cm is)

fyys1 ABC wHfgarg s @ 5798 AB = AC @211 BC=65cm & | fdg P, BC | 9 UaR ® f& P 9 AB
g AC TR AT THaq gl 24 A 3R 36 |HI 8 | sl ABC &1 &1%el (a1 4L H )

(A) 1254 (B) 1950 (C*) 2535 (D) 5070

X P 65

A= % b2 sin26 = b?sinO cosb

Now, X _ 65-x
24 36
or 60x = (24) (65) or x = 26

(.~ APMB = APNC)
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Solution of Triangle

o sind = E and coso = 2
13 13

. b 65
Again, — = —
sin® sin20
2
orb < 65 _ (65)(13) _ 13°
2cos0 (2)(5) 2
From eq. (i) we get
4
A=13.12 5 _ (169) (15) = 2535

X_
4 13 13

Section (C) Inradius and Exradius

gug(C) safarsar uRf3san
C-1. Ina A ABC, the value of acosA +bcosB+ccosC is equal to:
a+b+c
Pyt ABC ¥ acosA +bcosB+ccosC 1 T —
a+b+c
r R R 2r
A*) — B) — C) — D) —
(A%) = (B) o (€) - (D) R
Sol acosA +bcosB+ccosC  R(sin2A +sin2B +sin20C)
’ a+b+c ~ 2R(sinA +sinB +sinC)
4sinAsinBsin C —4sinésinEsin9
A B C 2 2 2
8COS —COS —COS —
cos zcos 2cos 5
-
=g
C-2. Inatriangle ABC,ifa:b:c=3:7:8,thenR :ris equalto
afe f¥d st ABCH a:b:c=3:7:8% d R:rarm —
(A)2:7 (B)7:2 (C)3:7 (D)7:3
Sol. a=3k;b=7k;c=8k
s=9k.
A= JOkBR kK =k 63 - R=2C_BRKFKBK _7kK
4A 4xk®x 63 NE)
2
r=é=%=& R:r=7:2
s 9 k 3
C-3*. Ifr,=2r,=3r,, then
gfe r,=2r,=3r,, @
a 4 a b5 a 3 a b5
A - == BY) — = — C) —=— D) — = =
()b5 ()b4 ()c5 ()03
Sol. r,=2r,=3r,
A 2A 3A 1 2 3
= 2 s.b s = s-a =s-b=s-c
s-a s (i) @iy (i)
From (i) and (ii) we get a-b=c/3 (1)
From (i) and (iii), we get 2a—-b=2c ..(2)
From (ii) and (iii), we get a—-5b=-5c .-(3)
let ¢ = k, then from (1) and (2), we get
5k 4k a 5 _ a 5
a=— andb=— =2
3 3 b 4 ¢ 3

Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, K

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

‘ JNResonance’

Educating for better tomorrow

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

ota (Raj.)-324005




Solution of Triangle “_

Hindi. r, =2r, = 3r

A 2A 3A 1 2 3
= = . = s-a =s-b=s-c
sTa sTh o s7e M G i)
(i) a (i) a-b=c/3 (1)
(i) @ (i) & 2a—-b=2c ..(2)
(i) @ (i) & a—5b=-5¢c ..(3)
AMT c =k Td (1) TAT (2) BT & P W
a=5_k3ﬁ?' b=4_k E=§,E=§
3 3 b 4’c 3

C-4*. In a AABC, following relations hold good. In which case(s) the triangle is a right angled triangle?

ff Brgst ABC # fr=iferRaa vy o 21 f Refa d gt g\t Byt & 2

(A r,+r,=r—r1 (BYa®+b2+c?2=8R?
(C)r,=s (DY)2R=r,—r
Sol. (A& . A& 4 A ! _ 1
s-b s-¢c s-a 3 (s—b)(s—c) s(s-a)

:>tan2% =1=>A=90°

(B) 4R (sin’A + sin?B + sinC) = 8R?
1 — (cos?A — sin?B) + sin’C = 2
1 —cos(A + B) cos(A —B) + 1 — cos?C = 2.
cosC cos(A—B) —cos?C =0
cosC[cos(A—B) —cosC] =0
cosC[cos(A—B) +cos (A +B)]=0
2 cosA cosB cosC =0
= A=90° orar B=90° ordr C=90°
(C) r,=Ss.
stanA2=s = tan A/2 =1 = A =90°

o & -_ = 1 _tanAp
SinA s(s—a) sSinA

= 2 sincA/2 =1

= 1—cosA =1 = cosA=0 = A =90°

C-5. The perimeter of a triangle ABC right angled at C is 70, and the inradius is 6, then |a — b| equals
B C R FADIY 3 ABC &1 gRHATY 70 B T2 3T=if3sar 6 2 d9 |a— b| R16R B —
(A" 1 (B) 2 (C) 8 (D) 9
Sol. Weknown A =sr= (70/2) x 6 =210
= (1/2) ab =210 = ab = 420
Now (a + b)? = (70 — ¢)?
= a? + b? + 2ab = 4900 — 140c + c?
B 4900-2x420 _ 29 [+ a2+ b?=cf
140
= (a—-b)’=a%+b>—2ab=c?-2ab =841-840 =1
a-b s—a

C-6. Inatriangle ABC, if —— = ,thenr,r, r,arein:
b-c s-cC
(A*) A.P. (B) G.P. (C) H.P. (D) none of these
g -b s—-a
firgst ABC ¥, afy 2 = g, arr,r,r 8
b-c s-c reEs

(A) FAR Y A (B) TONR ol H (C) &S I H (D) 3 & P &I |

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

Qesor‘al-..ce@D Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jnalawar Road, Kota (Raj.)-324005
Educating for better tomorrow | Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVSOT - 26




Solution of Triangle “_

A A A
Sol (s—=b)-(s-a) _S- R nh_ N N (h 1) rfy _5s
(s-c)-(s-b) s-c A A A nrp(r, —r3) r
r3 r2 r3
=2r=r4+1,
=1, 1, r,arein A.P. =T, T, I, TR AG 8

C-7.» If the incircle of the A ABC touches its sides at L, M and N as shown in
the figure and if X, y, z be the circumradii of the triangles MIN, NIL and
LIM respectively, where 1 is the incentre, then the
product xyz is equal to :

A
NZ— \\Mm

(A) Rr2 (B) rR?
N 1R
(C)ERF (D) 2I’R

e st ABC &1 31<i:-gd s Yoriali @I L, M vad N R RErgar el
PRl & do1 Al Byst MIN, NIL Td LIM @1 aRfErsam sHer: x, y U4 z
1, ofef [ = 8, A1 OHHd xyz $T 719 8 —

A

NS \\M

(A) Rr (B) rR?
* 1 2 l 2
(C)ERr (D) 2rR

Sol.  MINA is a cyclic quadrilatral MINA T& I TG4 ©

" M =Al = MN = rcosecA sin A = 2rcosA
sinA 2 2
IM=IN=r
A
(2rcos2j<r)(r> 2 cos
SoX = = ——
4><1r><rsinA 2rsinA
2
A
r cos —
2 r
sin A 23inA
2
similarly 31 U&R y = andaiR z= — "
2sin— 2sin—
2 2
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Solution of Triangle

C-8.

Sol.

C-9.

Sol.

C-10.

Sol.

I\

_ re r3 1,
WzZs —— g - =R
8sin—sin—sin— 2—
2 2 2 R
If in a AABC, L l, then the value of tanA (tan§+tan9] is equal to :
o2 2 2 2
o 1
(A) 2 (B%) ) (C) 1 (D)3
afE Brys ABC H, - = l%ﬁ o tan 2 (tanEHanEj P A T —
o2 2 2 2
1
(A) 2 (B) 3 (C) 1 (D)3
. A . B.C
4R sin—sin—sin—
L:% = A2 é 2C =3 :tan%tan%:% Ztan%tan%ﬂ
f 4R sin—cos—cos—
2 2 2
= ’[anA tan§+tanE + tanE tang =1 “ tanA tan§+tan9 = 1
2 2 2 2 2 2 2 2 2
. T C .
Ifin a AABC, ZA = 3 then tanE is equal to
afs gt ABC 4, 4A=g€‘r,?ﬁtan%?ﬂﬂﬁ%—
a-c a-b a-c a-
A — B) —— C) — D*) ——
(A) 5 (B) % (C) 5 (D) §
a?=b?+c?
tanC =2
b
2tan9 .
tan C = 20 =P
1-tan® 2
2
2t ® .
= — where (ST8]) t = tan —
1-t* b T
t?(c) + (2b)t—c =0
e —2b +/4b® + 4 x 2
) 2c
to -b+a
C
Y v =tan9
c 2
In any AABC, i+ ) (r; ;—rS)(rs i) is always equal to
)
(A) 8 (B) 27 (C) 16 (D*) 4
el g1 ABC H, URaY) (r; :r3)(r3 ) g1 w e R IR ST 7
)
(A) 8 (B) 27 & (C)16® (D) 4
AcC
s ———
(s—a)(s—b)
® . . _ .
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Solution of Triangle

II(r, +1y) =

A%abc A®%(abc)s?

(abc)

(s—a)j(s-b)*(s—c)®> A’
s’  4RAs’

= 4Rs?

A

IT (r1+r2) =4

Rs?

C-11*. In atriangle ABC, right angled at B, then

(A% 1 = AB+BC-AC
B 2

AB+AC-BC AB+BC +AC
- T e

(B)r 5 5

2yt ABC % £ B §H&I0T &, dl

(A% 1 = AB+BC-AC
B 2

Sol.
C

AB+AC-BC AB+BC +AC
- TR e

(B)r 5 5

B Cc

B
* r=(s—b)tan—
(B =19) i =

r=s-b

(~ B =90

_2s-20 AB+BC+CA-2CA

2
__ AB+BC-CA

2
Again.

2

B
*r=(s—b)tan—
( ) 5

S—r

:>r=(S—b)3r=S—2R:>R=T

C-.12*. With usual notations, in a A ABC the value of IT (r, — r) can be simplified as:
AT HHAGAR st ABC # I (r, — r) &1 Axelidhd A 8 —

(A*) abc I tan g

Sol. r

(abc)2

(B) 4 r R? (CY) O —
R (a+b+c)

Aa A
= =atan—
s(s—a) 2

(D*) 4R 12
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Solution of Triangle “_

C-13.

Sol.

I\

S II(r =) = abc tan A tanE tan9
2 2 2
= abc IT tan A
2
be smE smE smE ) (ab)r . (abe) r
cos® cosE cosC 4p(SNA*sinB+sinC) - ofa b ¢
2 2 2 4 2R 2R 2R

_ 2(abc)r  4RAr
2 s

STATEMENT-1 : In a triangle ABC, the harmonic mean of the three exradii is three times the inradius.
STATEMENT-2 : In any triangle ABC, r, + 1, + 1, = 4R.

FUA -1 : TF 3y ABC ¥, 9189 Frownsii &1 swreta Aed, o e &1 = T g 2
HA -2 : A AABCH, 1, +1,+1,=4R

(A) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct
explanation for
STATEMENT-1
(C*)  STATEMENT-1 is true, STATEMENT-2 is false
(D) STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false

= 4Rr2

(A) PYT—1 TI B, PAT—2 T T ; HAT—2, HAT—1 BT Fel WD 2 |

(B)  HUT—1 I ¥, UT-2 I T ; HUA—2, BUT—1 BT HEl TLIH -T&] & |
(C*)  HUT—1 I &, HAT-2 A 2 |

(D)  HUT—1 A B, HAT-2 9 |

(E) Ot B 3T R |
Statement-1 :

- HiM, of the three ex-radii = -5 — 8A L g
1 1 1 s—a+s-b+s-c s
r1 r.2 r3

= 3 times the inradius

. statement-1 is true

Statement-2: - LHS.=r; +1,+135

A A A
+ 3
s-a s-b s-c
y A{(s—b)(s—c)+(s—a)(s—c)+(s—a)(s—b)}

(s—a)(s-b)(s-c)

3s® —2s(a+b+c)+ab+bc+ca
= sA —~

SA [ab+bc+ca—sz]

AZ
s(ab+bc +ca—sz)
A
. RH.S.- 4R = 2C
A

. LHS.#R.H.S.
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Solution of Triangle

. Statement 2 is false.

Hindi %9-1:
1 918y Brogisi B exTed H7Ie = 3 = 34 S g
1. 1.1 s-a+s-b+s-c s
r1 r2 r3
= a1 &1 9 A
| HY-1 9T B
mm‘z:'.' El'l—CITqﬁ‘T =I’1+r2+r3

A A A
+ +

s—-a s-b s-c

:A{(s—b)(s—c)ﬂs—a)(s—c)+(s—a)(s—b)}

(s—a)(s—b)(s—c)

AZ

SA{3SZ —2s(a+b+c)+ab+bc+ca}

sA [ab+bc+ca—sﬂ
A2
s(ab+bc +ca—sz)

A
abc

SR Ud =4R= =
A

. gTIT Y&l = QAT U&l
. DY -2 3T B |

Section (D) Miscellaneous

D-1.= If in a triangle ABC, the line joining the circumcentre and incentre is parallel to BC, then
cos B + cos C is equal to :

(A) 0

(B*) 1 (C) 2 (D) 1/2

i st ABC 3 UR®= Ud b= ®I Wl darell v Yol BC & HAR 8, a1 cos B + cos C &1

A B
(A)O
Sol.

B)1 (C)2 (D) 1/2

- RcosA=r

R cos A=4R sin AsinE sinE
2 2 2

cosA=cosA+cosB+cosC -1
cosB +cosC =1

D-2.= InaAABQC, if AB=5cm, BC =13 cm and CA = 12 cm, then the distance of vertex ‘A’ from the side BC

is (in cm)
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Solution of Triangle “_

2yst ABC # afe AB = 5 441, BC = 13 9. Td CA = 12 9. &1, a1 Y ‘A’ 31 Yol BC 4 =18 8

(F . #H) —
25 ) 80 & 144
(A) 13 (B%) 13 (©) 12 (D) 13
Sol. - required distance 3¥Ie X = %

A= \s(s—a)(s—b)(s—c)
a=13;b=12;c=5 = s=15

"~ A= +15x2x3x10 =5x3x2=30

. required distance 34T ¥ = 2:;’0 = %

D-3.= If AD, BE and CF are the medians of a AABC, then (AD? + BE? + CF?) : (BC? + CA? + AB?) is equal to
afe fd Bryst ABC @1 \Tfeaatd AD, BE T& CF @1, o1 (AD? + BE2 + CF?) : (BC? + CA? + AB?) &1 #I1 & —
(A)4:3 (B)3:2 (C*3:4 (D)2:3

Sol. ~ AD? = 1 (2b? + 2¢? — @2?),
4

BE2? = % (2c? + 2a? — b?) and T

2 2 2
o l(2a2 . 262 c?) AD2 + BE2 +CF2 _3
4 BC* +CA® + AB 4

D-4*.= In a triangle ABC, with usual notations the length of the bisector of internal angle A is :

<1 ABC & |abdl & g Uafera 3ref 8, 1 of<k: B9 A & fefd & o= © —

2bc cos A 2bc sinA abc cos ecA oA
T2 B — 2 Cy —2 (D =2 .cosecA
b+c b+c 2R (b+c) b+c 2
Sol. * Pa= £33 cosA
b+c 2

(A) correct
(B) incorrect

abccosecA abccosecA bc 2sinécosA
2 2 2 2 2bc

A
(C) R A = A =5 cosE
b+e) 8@ ¢ sin2 (b +c) (b+e)
sinA 2
2bcsi A A
A bcsinA 1 cSin5eos5 4 2bc A
(D) -. cosec — = . = . = Ccos —
(b+c) 2 b+c) . A (b+c) . A Ub¥c 2
sin-. sin’,

D-5.= Letf, g, h be the lengths of the perpendiculars from the circumcentre of the A ABC on the sides BC, CA

and AB respectively. If %+%+% = x?bs , then the value of A" is:

A st ABC & uRas & qoTisii BC, CA Td AB TR STl 1 o/l &l orarsar s f, g, h 1 afk
a b c abc

Zis4l == @ @ @ AE B

79 h T Tgn

(A*) 1/4 (B) 1/2 (C)1 (D) 2

Sol. f=RcosA,g=RcosB, h=RcosC.
a b 2RsinA  2RsinB  2RsinC

-+ — + ¢ _ + +
f g h RcosA RcosB RcosC
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Solution of Triangle

abc
— =8 tan A
20 8 ([T tan A)
a,b,c_,ac 2 Y tanA=1r8([JtanA) = A=
f g h " fgh - T4
D-6.= In an acute angled triangle ABC, AP is the altitude. Circle drawn with AP as its diameter cuts the sides
AB and AC at D and E respectively, then length DE is equal to
T JAST st ABC # AP I¥er g | AP &1 &I_1 AMaR @iel 11 g Yonisli  AB Td AC &l He:
D Td E W Hlear 8, 9 DE & o188 —
A A A A
A) — B) — C) — D*) —
()2R ()3R ()4R ()R
Sol.
P—E = AP = DE= —sinA
sinA a
_ 2AsinA _ A
~ 2RsinA R
D-7.= AA,, BB, and CC, are the medians of triangle ABC whose centroid is G. If points A, C,, G and B, are
concyclic, then
(A) 2b? = @ + c*(B) 2¢? = @® + b* (C*) 22° = b* + ¢? (D) 3a2 = b? + c?
<1 ABC a1 &= G B, @1 #1ieaers AA,, BB, Td CC, & | afe i A, C,, G Ud B, G#ashg 21, I
(A)2b2=a?+c?(B)2c2=a?+ b?(C) 2a2=b? + c?(D) 3a2 =b? + ¢?
Sol. A, C,, G and (3R) B, are cyclic (I513 )
BC,.BA =BG . BB,
% c= (gBBJ.B&
2
C 22,1 ey 02—t
2 3 4
= c? + b? = 2a?
D-8. If'7"is the length of median from the vertex A to the side BC of a AABC, then
fdl AABC # ¥ A 9 T[ORA aTell A1fedaT & a1 ' Bl dl —
(A) 4/2 = b? + 4ac cos B (B*) 4/2 = @® + 4bc cos A
(C) 42 =c?+4abcos C (D) 402 = b? + 2¢? — 222
Sol. 1 2b% +2¢% -a°

- = —
2

402 =2b% 4+ 2¢% — a2
=a?+2(b?+c2—a?)
=a?+ 2(2bc cos A)
402 = a2 + 4bc cos A
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Solution of Triangle “_

D-9*. The product of the distances of the incentre from the angular points of a A ABC is:

2ryst ABC & #iwf &1 arcias @1 gRAT &1 oHHd

(abc)R (abc)r
(A) 4 R2r (B*) 4 Rr? (C) —— (D)
s s

Sol. Product of distances of incenter from angular points

el & smad= @1 gRAT B oA

3 3
_ . r - C L ARe - abc 2 (abz)(r) _ (abc)(r).
sin—sin—sin— r/4R A — S
2 2 2 r

D-10.x= In a triangle ABC, B = 60° and C = 45°. Let D divides BC internally in the ratio 1 : 3,

sinZBAD .
then value of ——— i
sinZCAD
95T ABC %, /B =60°Td L C =45°2| Ife fag D YT BC &1 1 : 3 & 3gurd ¥ =< fawifora dal
s!nABAD B R —
sin ZCAD
2 1 1 1
A) |- B) — C" — D) —
(A) 3 (B) Na (C) 7% (D) 3
Sol.
A
“TB
60°, | 3 45°
B D C
if we apply Sine-Rule in A BAD, we get A BAD # =1 9 &1 Y9I &1 ™R
BD  AD 1)
sina Sin 60°
if we apply Sine-Rule in A CAD, we get. A CAD # a1 f999 &1 WA & T
CD AD
- ()
sin B sin 45°
divide (2) by (1) (2)# (1) &1 91T &9 W
sin o y CD _ sin 60°
sin B BD sin 45°
sin a y g B \/3—
sin B 1 1
2x —
2
sin @ 1
sin B 6
D-11*.= In a triangle ABC, points D and E are taken on side BC such that BD = DE = EC. If angle
ADE = angle AED = 6, then:
(A*) tan6 = 3 tanB (B) 3tanb =tanC
6tan6
C") ——— =tanA D*) angle B = angle C
©) ae 9 (D%) ang g

3ys ABC %, 4o BC w® fd§ D wd E 39 UsR fog & € f& BD = DE = EC. 3k
Z/ADE = Z/ AED =0 &I, @l —

(A)tanb = 3 tanB (B) 3tand =tan C
6tan0 EF\I, E}'ﬁ
(C) m =tan A (D) B = o C
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Solution of Triangle “_

Sol.

if we apply m-n Rule in A ABE, we get A ABE # m-n I &1 YART B W

(1+1) cot6=1.cotB—-1.coto

2 cotb = cot B — cot6

3 cotb =cot B

tan6=3tanB ... (1)

Similarly, if we apply m-n Rule in A ACD, we get %1 U®R, AACD H m-n UHI & YAN B W
(1+1) cot (r — 6) = 1.cotd — 1.cotC.

cotC=3coth =tan6=3tanC ....... (2)

form (1) and (2) we can say that JFHIHIOT (1) T (2) |

tanB=tanC = B=C

A+B+C=n
L A=n—-(B+0C)
=TC—ZB y. B=C
tan A = — tan2B
2tan0
=_(2tan ZB]=_ 32 e A 6’[2an9
1-tan“B _tan®6 tan©0-9

D-12. STATEMENT-1 : If R be the circumradius of a AABC, then circumradius of its excentral AL LI, is 2R.

STATEMENT-2 : If circumradius of a triangle be R, then circumradius of its pedal triangle is g .

(A" STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct
explanation for
STATEMENT-1
(C) STATEMENT-1 is true, STATEMENT-2 is false
(D) STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false

HUA-1 Ife g AABC &1 uRfsan R &, @ ae=a ALLL, & d18d &= &1 gRfsar 2R 8l |
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Solution of Triangle “_

P2 : HﬁwﬁgﬁaﬁwﬁﬁwR%aﬁsﬁwqﬁwagmaﬁqﬁﬁwgﬁl

(A"  FUA—1 T B, FAT-2 T B ; FAT-2, FAF—1 FT Fel WG ¢ |
(B) FHYT—1 I B, A2 I ¥ ; FUT—2, FAT—1 BT F& TG T8l 2 |
(C) U1 I 8, HAT-2 3N 2 |
(D)  FUT-1 I B, A2 I B |
(E) T HUT I B |
Sol.

A Y 4

Y 4
Statement : 1 K /

A Y U4
Y U
Y U
13 ‘\ l’A Iz
/2—A/2
A2
1
""""""" B /4 \c
/ ”/2\'5'/2 K
4
I' ‘\
K B/2 N
I' ‘\
4 .
4

I, 1,=4R cos% if we apply Sine-Rule in AL I, I,,then  ALL L% S 79 &1 YA &1 WR—

LI 4Rcosg
2R = 1 2 = 2
N . (A B . (A+B
sin| —+ — sin
2 2 2
4Rcosg
- 4
cosg
2
2R, =4R R., =2R

A ABC is pedal triangle of AL, I, I,

AABC, st AL L I, &1 ufd® Bt 2 |

statement - 1 and statement - 2 both are correct and statement -2 also explains Statement - 1
BT - 1 AT FAF - 2 I A © AT BAF -2, HAH- 1 Fel A=A Al Bl © |

PART-Il (COMPREHENSION)

IS (COMPREHENSION)

Comprehension # 1 (Q. No. 1 to 4)
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Solution of Triangle

The triangle DEF which is formed by joining the feet of the altitudes

of triangle ABC is called the Pedal Triangle.

Answer The Following Questions :

A

@®
O

IR #1
st ABC ¥fiv ot urel @1 fae™ & a1 3o DEF Ry ¢ By &1 ufids 3yst deama 2,

1=

Sol.
PARN

Sol.

3=

I\

/1 vel @ SR I
A

B

Angle of triangle DEF are
(A*)r—2A, t—2Band t - 2C
(C)n—-A,r—-Bandrn-C
391 DEF & &I &

(A) t—2A, 1 - 2B 3R n-2C
(C)n-A, n-B3Rz-C

Z/EDF = 90-A +90-A
=180-A

Sides of triangle DEF are
<1 DEF & 4aid 28—

(A) b cosA, a cosB, ¢ cosC

(C*) R sin 2A, R sin 2B, R sin 2C
AAEF : AF = bcosA, AE = ccosA
b2 cos? A + C? cos? A — EF?

CcOosA =

2bcosAccosA
= (EF)2 = (b2 + c2 — 2bccosA) cos?A

(EF)? = a2 cos?A
EF = a.cosA

(B) n+ 2A, n + 2B and n + 2C
(D)2n— A, 2n-Band 2n—C

(B) m+ 2A, n+ 2B 3R n + 2C
(D)2r- A, 2n-B3iR 2n-C

(B*) a cosA, b cosB, c cosC
(D) a cotA, b cotB, c cotC

Circumraii of the triangle PBC, PCA and PAB are respectively
3y PBC, PCA @2 PAB &1 uRfS=am e g—

(A" R, R, R

(B) 2R, 2R, 2R

(C) R/2, R/2, R/2

(D) 3R, 3R, 3R
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Solution of Triangle “_

Sol.

Circumraii of the triangle PBC = L
2.sin(B+C)
a a

" 2sin(ni—-A) _ 2sinA

4*». Which of the following is/are correct

Sol.

A* Perimeter of ADEF _r
Perimeter of AABC R

(C*) Area of AAEF = A cos?A (D*) Circum-radius of ADEF =
1 # | P wE B—

(A) :{Ha DEF &1 ! =é (B) %<1 DEF &1 &57%dl = 2 A cos A cos B cos C
5T ABC &1 g

(C) < AEF &1 &% = A cos?A (D) st DEF @1 uRf3san = g

- FE=acos A=Rsin 2A

DE=ccosC=Rsin2C
FD =bcos B=Rsin2B

| R(X sin2A)

(B*) Area of ADEF =2 A cosA cosB cosC

A
* a+b+c
. A A
R(4sinAsinBsinC) B(HS'”ZJ [Hcoszj r
2R 4cosécos§cos9 2COSAcos§cosg R
2 2 2 27722

(B) "+ Area of ADEF &1 &F%d

%FD x DE sin (1 —2A) = %b cos B.c cos C.sin 2A

%bc cos B.cos C.2 sin A.cos A = 2(%bo sin Aj cos A.cos B.cos C

2A cos A.cos B. cos C

(C) Area of AAEF &1 &9%e = %AE xAF sin A

= % (ccos A) (b cos A) sin A = (%bc sin Aj c0s?A = A cos?A

_ FExDExFD  abc cosA cos B cosC abc 4RA R
4Aper 4x2A cos A cos B cos C 8A 8A 2

G R

DEF

Comprehension # 2 (Q. 5 to 8)

TS #2

5.n

I\

The triangle formed by joining the three excentres I, I, and I, of A ABC is called the excentral or
excentric triangle and in this case internal angle bisector of triangle ABC are the altitudes of triangles
LLI

17273

st ABC & i =< I, L, 91 [, &1 e | a1 e afess=ia ysr deamar @ den 39 Rerfa
§ AABC @& 3<iR® BV Agd FYst LLL, & Y o 8 |

Incentre I of A ABC is the ......... of the excentral AL LI,

(A) Circumcentre (B*) Orthocentre (C) Centroid (D) None of these
st ABC 1 arda= 1, afesb Bya [ L1 & ......... , B

(A) TRd= (B) B =D (C) o=® (D) 79 9§ PIg &I
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Solution of Triangle

Sol.  Clearly
6.»  Anglesofthe AL L1l are
(A*)E_A’E_E dE_E (B)E+A =B and E+9
2 2 2 2 2 2 2 2 2 2 2 2
(©) % - A, % -B and g -C (D) None of these
Byt L1, & o 82—
(A*)E_A’E_E qo n_C B) X, A B ¢
2 2 2 2 2 2 2 272 2 2 2
(C)%—A,%—BHW%—C D) s & BIS &
Sol. Let ZLLL =6
Then angle of pedal trinagle 9fe® s & HT0= 17— 20 = A
_T_A
2 2
7= Sides of the AT LI, are
(A) Rcosé, F%cosE SR F%cosE (B*) 4R cosA, 4R cosE demr 4R cos9
2 2 2 2 2 2
A B C
(©) 2RcosE, 2RcosE LRI 2Rcos§ (D) None of these
Brys L1, 31 g 8—
(A) RcosA, F%cosE and F{cos9 (B*) 4R cosé, 4R cosE and 4R cosE
2 2 2 2 2 2
(C) 2Rcos%, 2Rcosg and 2Rcos% (D) $9H & PIg &l

Sol.  Side of pedal triangle dfe® FYsi & YT = LI,cosd = BC

a

273 A
CoS| —— —
2 2

LL =

A
LI, = 4Rcos (Ej

8.» Value of 112 + T2 = 11,2 + [ 12 =T[2+ LI,2 =
2+ LI2=112+ 12 =12+ 112 = Eb"[‘l'l*f%—

(A) 4R?
A
Sol II1=4Rs,|nE

= 4RcosA
2

12 + L2 = 16R?

(B*) 16R? (C) 32Re (D) 64R?

PART-lll (MATCH THE COLUMN)

ART— 1l (®fe™ 31 Fafera HIRIY (MATCH THE COLUMN )

1. Match the column

Column-1

Column-II

‘ JNResonance’

Educating for better tomorrow

Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, K

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

ota (Raj.)-324005
ADVSOT - 39




Solution of Triangle

Sol.

I\

(A) Ina AABC,2B=A + C and b? = ac.
2
Then the value of a(a+b+c) is equal to
3abc
a® +b® +c?
(B) In any right angled triangle ABC, the value of — R
is always equal to (where R is the circumradius of AABC)
(©) Ina AABC if a = 2, bc = 9, then the value of 2RA is equal to
(D) Ina AABC, a=5,b=23andc =7, then the value of
3 cos C + 7 cos Bis equal to
Ans. (A)—>(q), (B) = (p), (C) = (s), (D) > (n)
[ERISECAIvIY
W -1
(A) el st ABC#H,2B=A + C 3R b2=ac @, d
2
a“(a+b+c) 7 7 BT
3abc
. a’+b®+c?
(B) WW%‘&GABC‘?,?WWW@W%—
(sTef R, DABC @1 uRf3rar ?)
(C)  fo=ft AABCH, af? a=2, bc=98, A 2RA &I AF &8—
(D)  f&<f AABC #,a=5,b=3:Rc=7% a4
3cos C +7cos B &1 A BFTI—
Ans. (A) - (), (B) = (p), (C) - (s), (D) —> (1)
(A) - 2B=A+C=B-= % and A +C = 23—“
* b?=ac = sin? B = sin A.sin C :sinAsinC:%
3 271
:cos(A—C)—cos(A+C)=E ~ A+C=—
— cos(A=C) =1 :>A=C=§=B —a=b=c
2 2 2 2
(B) - @=b?+c?and 3R 2R=a atbre _2a g
R R?
Cc
a
b
A c B
(C) - A= lbcsinA:>A=l.9.sinA=gxi a=2
2 2 2 2R
~ 2RA=9
(D) - a=5b=3and 3R c=7

and because we know that IR 89 WA © fh

W -1

az(a+b+c)_1
3abc
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Solution of Triangle

Sol.

I\

bcosC+ccosB=a
.. 3cosC+7cosB=5

Match the column

Column -1 Column -1I

(A) Ina AABC, a = 4, b = 3 and the medians AA, and BB, are

mutually perpendicular, then square of area of the AABC
is equal to

(B)=  Inany AABC, minimum value of il % r23 '3
p

= \E then side ‘¢’ (r)

(©) Ina AABC,a=5,b=4andtan

O

is equal to

(D)= In a AABC, 2a? + 4b? + c? = 4ab + 2ac, then value of (8 cos B) (s)

is equal to
Ans. (A) > (s), (B) = (p), (C) = (), (D) = (a)
fram Sy

w1 -1
(A)  foell 5T AABC #, a = 4, b = 3 T2 W1fEa®1¢ AA, 3R BB, IRER
I @ 99 AABC & &F%hel & a3 &1 A1 8N —

(B)  fir Frger ABC #, ”;+r3 1 AT A 2
©)  uf e AABCﬁ,a:S,b=43ﬁ‘\Itang=\E3’l,ﬂ‘f
ST ¢ BT A9 BT —

(D) 31 AABC ¥, 2a2 + 4b? + ¢2 = 4ab + 2ac, 79 8 cos B &1 #11 8RT—
Ans. (A) - (s), (B) = (p), (C) —> (), (D)= (a)

B T A T C
Match the column ™ fele HIfSTg
(A) AA, and BB, are perpendicular
AA, T BB, TRER oFdq 2,

is equal to ()

(P)

27

™ -1
27

11

a2 + b2 = 5¢?
2 2
ce=2 ;b =5 = c=+5
a?+b®*-c® 16+9-5 5
cos C = = =2
2ab 2x4x3 6
sinC = ﬂ
6
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Solution of Triangle “_

N\
-
J

A=%absinC=ﬁ

A2 =11
(B) + G.M.>H.M. + UIRR A1 > FATR AT
3
(ryryry)®= T

r1 r2 r3
= (r, r, 1) > 3r

:#227
r
©) tane & - (873)s—b) a=5b=4 2s=9+c
2 s(s—c)
_ (9+c-10)9+c—8) _ c* -1
(9+c)9-c) 81-c?
2_
= Z= © 12 = ¢?=36 = c=6
9 81-c
(D) 2a? + 4b? + ¢? = 4ab + 2ac.
= (@a—2b)*+(a—-c)2=0
= a=2b=c
cosB——aZJrCz_bz _ !
~ 2ac 8
8cosB=7

= Marked Questions may have for Revision Questions.

= fafed e M IFT 9 B

PART - | : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

AT - | : JEE (ADVANCED) / IIT-JEE (fU5ar auf) & g9

* Marked Questions may have more than one correct option.

* fafeed uvd o 9 Ifte OE) fdedw 9 u9H & -

1.

I\

If the angle A, B and C of a triangle are in arithmetic progression and if a, b and ¢ denote the lengths of

the sides opposite to A, B and C respectively, then the value of the expression %sin 2C + %sin 2Ais

Ife fHdl Byt & BT A, B Td C FHI=R 6l H & a1 BIvil A, BUd C &1 ¥ 4ol &1 sl
F: a, b c ¥, A FIF 2sin2C + Ssin 2AHT W 8= [IIT-JEE 2010, Paper-1, (3, 1), 84]

C a
(A) % (B) g (C)1 (D*) V3

2gin2c + Ssin2A = 2 (acosC+ccosA) = b =2sinB=2sin60°= 3
c a 2R R
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Solution of Triangle “_

2.m

Sol.

3=

Ans.

Sol.

I\

Let ABC be a triangle such that Z/ACB = % and let a, b and ¢ denote the lengths of the sides opposite
to A, B and C respectively. The value(s) of x for whicha=x2+x+1,b=x2—1andc=2x + 1 is (are)
a1 ABC T f3iysl & Rrd ZACB = % qel A, B Al C &) wwjd Yoiiil &) erarsadl B a, b de
celx® g8 99 ® fg a=x2+x+1,b=x2-1Td c=2x+ 1%, =1 &

(A) -(2+13) (8)1+ 3 (©)2+3 (D) 443

[IT-JEE 2010, Paper-1, (3, 0), 84]

A
2x+ 1 x*— 1
/6
R
- X2+ X +1 c
2 2 2 2 2
cos ™ - (X*=1)" + (X" +x+1)" —(2x +1)

2(x® +x +1)(x* -1)

N3 (=12 + (6 +8x+2)(x* ~X)

2 2(x® + x +1)(x* 1)
_3 B (X2 =12 + (x +1)(x + 2)x(x = 1)
2 2(x® + x +1)(x* 1)
2_
o B XX B exe1) =204 2x—1
XS+ x+1

- (V3 -2)x+ (3 -2)x+ (3 +1)=0
on solving & & W

x2+x—(3\E+5) =0 we get

x=13 +1,- (2+3)

At x = — (2++/3), Side ¢ becomes negative. ™R STl ¢ FOMHS Bl @

X = 3 +1

Consider a triangle ABC and let a, b and ¢ denote the lengths of the sides opposite to vertices A, B and
C respectively. Suppose a = 6, b = 10 and the area of the triangle is 1543 . If ZACB is obtuse and if r
denotes the radius of the incircle of the triangle, then r2 is equal to [IIT-JEE 2010, Paper-2, (3, 0), 79]
fen & f foel Byt ABC & ¥iint A, B Td C &1 S9@ YoTisil &1 gl A%k a, b wd ¢ 8| A1 &
a=6,b=10den Bt &1 &% 153 2| afX LACB 31fdd ®I01 (obtuse angle) & don fBiyst &
FIgd B T r 2, A1 2B AF G DI |

3

Area of triangle < &1 &3%d = % absinC=1543

- %.6.10sinC=15\/§ - sin0=§
= C-= 23—“ (C is obtuse angle 21f&r® ®ioT)
2 2 2 2
NowdT Cosc=u = _l=w = c=14
2ab 2 2.6.10
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Solution of Triangle

Sol.

Hindi.

5.%a

/\p

A 1543 ,
e T i
2
Let PQR be a triangle of area A witha =2, b = % and ¢ = % where a, b and c are the lengths of the
sides of the triangle opposite to the angles at P, Q and R respectively. Then Mequals
2sinP +sin2P

(SOT)

< PQR &1 &5%d A B i?rwchf?fr({a=2,b=g ﬁ?c:%%,ﬂﬁa,baﬁ?c HHI: PIT P, Q IR R

Gl Wﬁm&ﬁaﬁmﬁﬁélaﬂw H1 7 e 2

[IT-JEE 2012, Paper-2, (3, —

@[ﬁj

2sinP +sin2P
1), 66]
3 45 3 Y
A) — B) — CY | —
()4A ()4A ()[4Aj
Ans. (C)
a=2=QR
b= L -PR
2
5
c=—=PQ
2
S = w = § =4
2 4
. . : 23inZE
2sinP —2sinPcosP  2sinP(1-cosP)  1-cosP ) —tanZE
2sinP+2sinPcosP ~ 2sinP(1+cosP) — 1+cosP 5 oP " 2
2
2 2
2 2 4_Z 4_§ 2
_(s=b)(s—c) (s—=b)(s—c) _ 2 2) (3
s(s—a) A? A? 4A
a=2=QR
b= L -PR
2
5
c=—=PQ
2
S = w = § =4
2 4
. . . 23inZE
2sinP —2sinPcosP  2sinP(1—cosP)  1-cosP 2 —tan2E
2sinP+2sinPcosP ~ 2sinP(1+cosP)  1+cosP 2c0s2 - 2
2

_(s=b)(s—c) (s—-b)(s—c) _ 2 2) (3
~ s(s—a) A? - A2 - (4A]

In a triangle PQR, P is the largest angle and cosP =

w| =

. Further the incircle of the triangle touches the

sides PQ, QR and RP at N, L and M respectively, such that the lengths of PN, QL and RM are
consecutive even integers. Then possible length(s) of the side(s) of the triangle is (are)

I\
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Solution of Triangle “_

ST PQR #, P &< 197 § A cosP=% | 39 faRad st &1 sra:ga yoieli PQ, QR @1 RP
B HAL: N, L d2 M IR 39 a8 W &xal g f& PN, QL 92 RM &1 S=s3af HArTa 99 g0 6810 2 |

T9 S & o (JoTsl) @ Fefaa TS (TRTEan) B (§) [JEE (Advanced) 2013, Paper-2, (3,

-1)/60]

(A
Sol. (B,D)

)16
on+2/ "
N
n+2

%

n
M

(B*) 18 (C) 24 (D*) 22

2n+4
+4

)
n

Q n+2 L

n+4 R

S

~

2n +6

cos P =

(2n+2)" +(2n+4)° —(2n+6)° 1

4n® —16

2 (2n+2) (n+4) 3

1

n°—4
2 (n+1) (n+2)
=3n-6=2n+2
=n=8
=2n+2=18
=2n+4 =720
=2n+6 =22

8 (n+1) (n+2) 3

N _n-2 _
2 (n+1)

W[

6. In a triangle the sum of two sides is x and the product of the same two sides is y. If x2 — c? =y, where ¢
is the third side of the triangle, then the ratio of the in-radius to the circum-radius of the triangle is

|
2x(x +c)

(A)

[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
3y (C) _ %y (D) 3%y
2c(x+c) 4x(x+c) 4c(x +c)

(B)

U S B &1 YOTsll BT AT x & a1 Il Golsll bl UGB y & | Ak X2 — 2 = y, T8l ¢ Fys &l
A gon &, 99 Bge @1 TS (in-radius) vd 9Rga—<aT (circum-radius) #1 31U (ratio) B—

[JEE (Advanced) 2014, Paper-2, (3, —1)/60]

(A) 23_y (B) _ 3%y (C) _ %y (D) 3%y
X(X +C) 2c(x+c) 4x(x +c) 4c(x +¢)
Ans. (B)
Sol.
A
c b
B 3 C
a+b=x
ab=y
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Solution of Triangle

7.

Ans.

Sol.

I\

X2_02=y
(a+b)2—-c?=ab
a2+ b2+ ab=c?

a?+b?—c?=-ab
a®+b*-c® 7
2ab 2

cosC = —
2

2

3

C

1 205 .0
4><Zab sin“C 3ab

r Ax4A
R sxabc
)

~ 4c(x+c)

(a+b+c)abc - 4c(x+c)

In a triangle XYZ, let x, y, z be the lengths of sides opposite to the angles X, Y, Z, respectively, and

S—X

Ss-y s-z

2s=x+y+2zIf
Y 4

3
[JEE (Advanced) 2016, Paper-1, (4, —2)/62]

(A) area of the triangle XYZ is 6 J6

(B) the radius of circumcircle of the triangle XYZ is % J6

(C) sin ésini sinz -
2 2 2
(D) sinz(MJ = 3
2 5

4
35

and area of incircle of the triangle XYZ is i—n , then

AT & Bgst XYZ 3 S0 X, Y, Z$ G @l Yol @ i igdt BHE X, Y, 28 R 25 =x+y + 2B

afy S=X _S=Y _
4 3

S;Z , 3R Fryst XYZ & siada (incircle) o1 &amat %ﬁ 3 @

(A) F3rst XYZ &1 &=bel 66 8
(B) f3r¥st XYZ & uRa (circumcircle) @ e % J6 2

(C) SIISReIS - 48

2 2 2 35
(D) sin2£X+Yj _3

5
(A,C,D)
X
z y
Y " 7
2S=x+y+z . S-x _S-y_8S-z _,
4 3 2
S —x =4\
® . - -
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Solution of Triangle

8*.

Ans.

Sol.

I\

S—-y=3A
S-z=2\

S=9\

Adding all we get I+ &1 SiIew W%, &4 U B—
S=9A, x=5)\y=06A,=2=7L

8n 8

= — = rr=—

3

A= S(S-x)(S-y)(S-2)
_xyz _ 5LBL7A 35

TNy 4J’

we get & U B A =1

A)A =66

(C)r=4R sin5 sini sinZ
2 2 2

4 X Y L Z

— =sin=sin=sin—

35 2 2 2

(B)

=

_ 585,
CAE
2\2

Na

(D) sinz(ﬂj _coel - S(6-2) _ 92 _
2 Xy

2

o

2 8 _ A% 2160
3 82 81l
_ 35
\/_
35 y z
=4, — sm—sm—sm—
46 2

9
5

= JOrAL302L =6 f6 A2

e85 8

9

w

In a triangle PQR, let ZPQR = 302 and the sides PQ and QR have lengths 10+/3 and 10, respectively.

Then, which of the following statement(s) is (are) TRUE?

(A) ZQPR = 45°

(C) The radius of the incircle of the triangle PQR is 1043 - 15
(D) The area of the circumcircle of the triangle PQR is 100x
T 3o (triangle) PQR &, w191 ZPQR =302 3R yoTaii PQ 3k QR &1 orwarsal saer: 1043 3R 10

21 9 forifafad § & S (W) B 9 B (B) ?

(A) ZQPR = 45°

(€

(BCD)
100 +300 - (PR)?

2.10.10\/3
300 = 400 — (PR)2 =

cosQ =

= %(PQ)(QR) sinQ = %10.10( i =253

\3 _100+300 - (PR)*
2 2.10.1043
PR =10

_A_ 25y3x2 503 _ 5\/' L2-\3 _
s (20+1043) 20+1043 2+\/' 2-y3
by sine rule sa1 1(,)f: ,10
sinR sinQ
2(circumradiusuRf<aT) = PR _10
sinQ  1/2

Hence area of circumcircle = nR2 = 100

3fct: uRgT &1 &=bel = nR? = 100

=

)
(B) st PQR &7 &9l (area) 2543 & 3R ZQRP = 120°
)

s PQR & 3idd (incircle) @) a1 (radius) 104/3 — 15 21
(D) Byt PQR & uRqd (circumcircle) &1 &3%e 1007 2 |

5243 -3)=10/3-15

/R =30°

circumradiusaRfT =

[JEE(Advanced) 2018, Paper-1,(4, —2)/60]
(B) The area of the triangle PQR is 253 and ZQRP = 120°
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Solution of Triangle “_

9. In a non-right-angled triangle APQR, Let p, q, r denote the lengths of the sies opposite to the angles at

P, Q, R respectively. The median form R meets the side PQ at S, the perpendicualr4 from P meets the
side QR at E, and RS and PE intersect at O. If p = \/5 q = 1, and the radius of the circumcircle of the

APQR equals 1, then which of the following options is/are correct ?
{Solution of Triangle [ST-RA]-T-305}
[JEE(Advanced) 2019, Paper-1,(4, —1)/62]

V7 V3
2

(A) Length of RS = (B) Area of ASOE = —

1
J3

2
Tdh FFHONT S (non-right-angled) APQR & faq, a1 & p, g, r A @101 P, Q, R & AW arefl
qorell @ orrgdl SR g1 R ¥ Wi W A@iftadt (median) g9 PQ @ S R e &, P 9 dien

e (perpendicular) Yo QR ¥ E W fiaiar & @2 RS 3R PE T& g8 &1 O W dledl 21 I p =

J3,q=13R APQR & uRqw (circumcircle) @ 31 (radius) 1 8, @9 /1 & & B @1 () Rbey &
2 (8)?

1

(C) Radius of incircle of APQR = (2- \/5) (D) Length of OE = 5

J7
2

&

(A) RS @1 @IS = (B) ASOE &1 &=l (area) =

1

N

(C) APQR & 3idgd (incircle) @ frean =§(2—\/§) (D) OF & &g = %

Ans. (ACD)

Sol.

P _ 9 _op = sinP=£,sinQ=l
snP  sinQ 2 2

= /P =60° or 120° and 3R ~£Q = 30° or 150°

because /P + #Q must be less than 180° but not equal to 90°

FNfH /P + Z/QHT A9 180° § HH BN U] 90° & IRTER & 2 |

/P =120°and 3R #/Q=30°and 3R Z/R=30° —— =2=r=1
Sl
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Solution of Triangle “_

Now length of median ATEI®T @ owTg RS = %wIsz +207 —r? = —\/6+2 7

2

= option fd@ea (A) is correct T&! B |

2pqr
Inradius 3fa:Frear = 24 _ _4x(® 1 1x1x3 \/— 2- \/— = option (C) is correct
P+g+r p+q+r 2 1+1+/3 I
=S —x\/_ PE= Z(q1) (equal area of A & &FHA & TR )
L peoxIx¥3 2 1
4 J3 2
11 .
2x | —.1./3sin30°
2(Areaof AOQR) 3 2
= OE = = =—
QR J3 6

PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

AT - Il : JEE (MAIN) / AIEEE (el auf) 3 weq

1. For a regular polygon, let r and R be the radii of the inscribed and the circumscribed circles. A false
statement among the following is [AIEEE - 2010 (4, —-1), 144]

(2*) There is a regular polygon with %: 2

(1) There is a regular polygon with 3

IJI-‘
SRR

:UI*
l\)l—L

(3) There is a regular polygon with % = (4) There is a regular polygon with

U FHIGYS @ fo1g, AN ST=:gd q21 URgd &I oad HHLE: r 21 R 2 | F=falRad 3 | dadr gwes
ez 8 2

(1)nggaﬁw%ﬁrwm%=

wln

(2*) T FHaRST YT & Rs R %=

-

1

ol

(3) U wHagys v ® o fog %:
Ans. (2)

Sol. r cos (Ej
R n

Let cos % =§ forsomen=>3,neN

(4)WW§GQW%WW%:

N |

1 2 1 b1 T b1
As — < — < — = cos§ <COS— <COS— =
n n

273 2
= 3 < n < 4, which is not possible
so option (2) is the false statement
so it will be the right choice
Hence correct option is (2)

Hindi. — = cos (Ej
R n

w3

Wcos%:% fFfin>3,ne N& foru
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Solution of Triangle “_

%1%1<E<i = cos X <cost <cost = r,ILI
2 3 2 3 n n 3 n n
= 3<n<4,< 99 T8 2|
faped (2), T HUF B ra: e fAdwew (2) B
2.»  ABCD is a trapezium such that AB and CD are parallel and BC L CD. If Z/ADB=6,BC =pand CD =q,
then AB is equal to : [AIEEE - 2013, (4, —1),120]
ABCD T& Va1 ¥Heid agydl & forad AB de CD ®HicR 8 T BC L CD 2| afd ZADB =60, BC = p @1
CD=q,% @ ABSRR & : [AIEEE - 2013, (4, —4),360]
1+ (P® +q%)sin® 5 p® +qg°cosh 3 p® +f 4 (p® +q°)sin®
pcosO +qsin® pcosO +qsind p®cos0+qg°sinbd (pcos 0 +gsing)?
Sol. (1)
q
D C
N o O
0:
(P +a
p i
T—(0+0) § b
A x—Q M q B
Let (1) AB = x
tan (t—0—a) = P tan 6+ a)= .
X—q g-x
= g-x=pcot (6 + a)
= x=q-pcot(6+a)
P (cote cota—1]
cota +cotO
% cot6 qcotd —p qcos6 —psin6
—9°P 9, coto =q_p[q+pcote j=q_p[qsine+pcose ]
2 A 2 A 2 2 R
N w3 S|n9+pqcose—pq.cose+p sin® . AB- (P +q )S|r.19 .
pcos0+qsin® pcosO+qsind
Alternative

I\

From Sine Rule a1 f-=H &

n—(6+0) o

AB PP+ A B

sin® sin(t—(0+a))

AB _ Jp?+q° sin®

sSin® cosa +cosO sina

2 2 H
_ (P +q) sinb [ cosa = —— J

gsin 6+pcos6 /p2 + P
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Solution of Triangle “_

Ans.

Ans.
Sol.

I\

_ (p? +9°)sinb
pcosO+qsin®

With the usual notation, in AABC, if ZA + ZB =120°, a = /3 + 1 and b = /3 -1, then the ratio ZA : /B,
is:
= Hadl § AABC H afd /A + /B=120°,a= 3+ 17ab= /318, a1 1gurd /A : /B RN &
[JEE(Main) 2019, Online (10-01-19),P-2 (4, — 1), 120]
19:7 2)7:1 (3)3:1 (4)5:3
(2)

\/§+1 B \E—1

sin(120—x) ~ sinx

J3+1  sin(120° - x)

J3-1 sinx

cotx = /3 +2
tanx = 2 —+/3
x=15°

120 — x = 1052
Ao % (7:1)

" /B

In a triangle, the sum of lengths of two sides is x and the product of the lengths of the same two sides is
y. If x> — ¢ = y, where c is the length of the third side of the triangle, then the circumradius of the
triangle is
T BYeT @l &1 YoTsll Bl g Bl AN x & AR 76l a1 YOIl &l o Ig bl oAb y 8| AT x2—c2 =y
STl ¢ F2ySt ol dQ ooil &) oIS ®, 99 Bys & akga o Broar @ -
[JEE(Main) 2019, Online (11-01-19),P-1 (4, — 1), 120]
C 3 c y
1) —= 2 5y Q) 7 4) =
V3 2 3 V3
(1)
Let a, b, ¢ be the three sides, given
st & gl a, b, ¢

a+b=xab=y,(a+b)2-c?=ab
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Solution of Triangle “_

o a2 +b?—c? 1 1
heredg] —————— =—— = cosC=——
2ab 2 2

C _oR= 2 _2r=R-C

sinG N B
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Solution of Triangle “_

Bl HLP Answers
SUBJECTIVE QUESTIONS

fAyari® 9¥H (SUBJECTIVE QUESTIONS)

This questions paste Staright Line sheets

1. In AABC , P is an interior point such that ZPAB = 102 ZPBA = 20°, Z/PCA = 30°, ZPAC = 40° then
prove that AABC is isosceles
AABC ¥ P i@ fd=g P 39 &R & f& Z/PAB = 102 Z/PBA = 202, /PCA = 30°, Z/PAC = 40° 79 fig
#HIRTT 5 AABC FAfGETE 2 |

Sol.

From AAPB, APBC and APCA , using sine rule
AP BP

sin20 1 sin10

BP _ PC
sin(80—x)  sinx
PC AP

sind40  sin30

AP BP cP AP BP CP
sin ZABP sin /PCB  /PAC  sin ZPCA sin ZPBC 'sin ~/PAB
= sin30° . sinx.sin102 = sin20°.sin(80° — x) sin40°®
= X = 60°
. Z/BCA = ZCAB = 50°
So, AABC is an isosceles triangle.

Sol.

AAPB, APBC 3R APCA , 51 s 9

AP  BP
sin20  sin10
BP PC

sin(80—x) _ sinx
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Solution of Triangle “_

PC AP
sind0  sin30
AP BP CP AP BP CP

sin ZABP sinZPCB /PAC _ sin ~PCA sin ~PBC 'sin ~PAB
= sin30° . sinx.sin102 = sin20°.sin(80° — x) sin40°

= X = 60°
- /BCA = ZCAB = 50°
9 AABC dHfgarg B 2 |
. . A+B . _
2. In a triangle ABC, ifatan A + b tan B = (a + b) tan [T) , prove that triangle is isosceles.
Pret ABG %, af atan A + b tan B=(a+b)tan(A;Bj e B T B e e
Sol. atanA+btanB=(a+b)tan(A+B]

A+B A+B
= a|tanA -tan =b|tan | —— [-tanB
2 2
. A+B . (A+B . (A+B
sinAcos —sin cosA sin -B
2 2 2
=a =b
A+B A+B
cosAcos 5 cosBcos 5

; A+B . (A-B
A- b
s e

- =

cosAcos(AJrB] cosBcos(A;B)

. (A-B a b
= sin - =0
2 cosA cosB

—sin[AZB) _¢ or Al a __ b _
2 cosA cosB
=A=8B or Il 2R (tan A—tan B) =0
—tan A=tanB
=A=B
3. In any triangle ABC, if 2Aa — b?c = ¢®, (where A is is the area of triangle), then prove that ZA is obtuse

feft g1 ABC # af 2Aa — b2c = ¢2, (S1ET A I &1 &5%a B) a9 Rig @it ZA aifda 17 7 |
Sol. 2Aa—b*c =c?
= 2Aa%b = abc (b%+ ¢?)

2
N M:abc(bz-ﬂ:z)
2R
2
= ab =b? + c?
2R

= a’sinB =b? + ¢
If sinB = 1, then a2 = b? + ¢?, which is not possible

oo sinB =1

- cosA = b®+c®-a® _ a’sinB-a’
2bc 2bc

<0

.. Ais obtuse
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Solution of Triangle “_

Sol.

Sol.

Sol.

2Aa—Db*c=c?
= 2Aa%b = abc (b%+ ¢?)
2
_, (@b)Abe _e? +c?)
2R

a’b

= — =b?+c?
2R

= a?sinB=b? +c?

e sinB =1,d9 a2 =b2+c2, W1 b G9a 781 2 |

oo sinB =1
b?+c?-a® a’sinB-a?
.. COSA = =
2bc 2bc
<0
. A 3% B B |

cosA + 2cosC _ sinB
cosA + 2cosB  sinC

If in a triangle ABC, prove that the triangle ABC is either isosceles or

right angled.
aft frqer ABC § SOSA * 200SC _SinB o o pre fRm fs gt ABC o af srfaarg Bt & o

cosA + 2cosB  sinC

DI Y B |
cos A(sin B —sin C) + (sin 2B —sin 2C) =0
= cos A.(sinB—sinC) +2cos(B +C)sin(B-C)=0 ~w B+C=n-A
= cos A.(sin B—sin C) —2 cos A.sin (B-C) =0
= cos A[(sin B — sin C) — 2(sin B cos C— cos Bsin C)] =0
= either a1 @ cos A=0= A =90° = right angled |qHBIV By B
or AT (sin B—sin C) — 2(sinBcos C—-cos BsinC) =0

a®+b®-c® _a’+c®-b?
b —-C. =0

2ab 2ac

=alb-c)-2(b?-c?) =0
(b-c)[a=2(b+c)]=0
~b-c=0 = b=c = isosceles 3 Byt wwfgarg Byt g |

:»(b—c)—z[b

Ina AABC, 2 C =60°and £ A = 75° If D is a point on AC such that the area of the A BAD is /3
times the area of the A BCD, find the £ ABD.

st ABC % £C = 60°Td /A =75°2 | I Yo AC R & fI=5 D 39 UHR © & ABAD &1 &%, st
BCD & &/3%d &1 /3 T 8| LABD &1 A9 €T HIOT |

Ans. [/ ABDB= 30°

0
A
60° 75°,
C D A
Area of ABAD = /3 x Area of ABCD ABAD &1 &3%d = /3 x ABCD &1 &5%d

= %BDxBAsine=\Ex%BCxBDsin(459—9)
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Solution of Triangle

Sol.

Hindi.

sin(45°-0)
— = — 1
BC \/_ sin® @
From Sine-Rule ST fFR BT 9T e W
BC AB

sin75¢  sin60?

BA _ sin60° _ 342

BC sin75° 341
From equation (1) I (1) |

342 1
B )
hﬁ—%=cot9—1 = @:cote—1

cotd =43 — 0=30° = ~ABD=30°

In a AABC, if a, b and ¢ are in A.P., prove that cos A.cot % cos B.cot % and cos C.cot % are in A.P.

afe fedl st ABC # a,b@cWﬂﬁ‘cﬁﬁ%‘f,aﬁﬁl@ﬂﬁﬁt’ﬁ?cosA%.cot,cosB.cotgQE'r

cos C.cot % TR ST A B |

A
COS—
. CosAcotA = 1—2sin2A 2 =cotA —sin A
2 2) . A 2
sin—
Similarly cos B cotg = cotg —sin B

and

cos Ccotg =cotE —sinC
2 2

- a,b,carein A.P.

*. sin A, sin B, sin C are also in A.P.
*a,b,carein A.P.

" cot% —sin A, cotg —sin B, cot% —sin C are also in A.P.

. cot A
2

, cotg, cot% are also in A.P.

A
COS —
- cosAcotn = [1-2si? 2 ) 2 ot _gina
2 2 . A 2
sin—
B B .
I TPR cosBcot§=cotE—smB
3R cochot% =cot% -sinC

- a, b, c AR A F B

. sin A, sin B, sin C ¥l 9H=R $1¢1 § 81 |

Resonance”’
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Solution of Triangle

Sol.

Sol.

- a, b, c AR A H
A

=

g cotE,cotg,cot% ) AR A H B |

" cotA —sin A, cotE
2 2

In a triangle ABC, prove

)

_sin B,cot% _sinC o WA A 25

that the area of the incircle is to the area of triangle itself is,

({]

Pryst ABC # Rig @IfSTe {5 3.9 & &hd iR Wd 39 Yol & &3%hd &1 AU

oo ()t B

cot (gj =
2

Area of incircle ST g Bl &lo nr?
Area of AABC  AABC &1 &o %bc SinA
nx16R? x sin® Asin2 gsinzg 4rcsinésin2§sin29
2 2 2 _ 2 2 2

1(2RsinB) (2RsinC) 2sinA cosA 2sinEcosE 2sin90039 COS—
2 2 2 2 2 2 2 2

A

nsinésingsing
2 272 n ot A B C
= = =7 :cot— cot — cot —
cosécosgcos9 cotAcotgcot9 2 2 2
2 2 2 2 2 2

In AABC, prove that a® (s —a) + b? (s —b) + ¢? (s — ¢) = 4RA (1 + 4sin%singsingj

AABC, % g @17 a2 (s —a) + b2 (s — b) + ¢2 (s —c) = 4RA (1+4sin%singsingj

L.HS. = %[a2(b +Cc—a)

— N =

2

+b?(c+a-b)+c*(@@a+b-c)]

[a(b? + c2 — @2) + b(c? + a2 — b?) + ¢ (a2 + b* - c?)]

2 (2abc cosA + 2abc cosB + 2abc cosC)

=abc 1+4sinésin§sin9
2 2 2

=4RA 1+4sinésinEsin9
2 2 2

In any AABC, prove that

2rys1 ABC # g @Ifoig fb —
(i) (rg+ 1) (rg+r1,)sinC=2r, ./rz f+rNL+00

A
tan 5

tan & tan & 1

(i)

+ + =

(@a-b)(a-c) (b-ab-c) (c—a)(c —-Db) A

B-C C-A A-B

(iii) (r+r,) tan

+(r+r,) tan =0

+(r+r,) tan
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Solution of Triangle “_

Sol.

(iv)  rP+rf+rf+r? =16R?—a2—b>—c2.
(i) LH.S. 9 98 = (r,+r,) (r,+71,) sin C
Ab Aa .
= sin C
(s—a)(s—c) (s—c)(s—b)
abA®

= sinC
(s—a)(s—b)(s—c)(s—c)

_ ab s(s—a)(s—b)(s—c) sinC
(s—a)(s—b)(s—c)(s—c)
_ abs sinC

(s=c)
2As
= =2 sr, ,/rzrs + 10 01

(s—c)
R.H.S. <l uer =2r,

= 2r, \/s_2 =2sr,

L.H.S. 91 98 = R.H.S. g1 el

(”) L.H.S ElTCIT ge] = — l (S—b)(S—C)+(S—a)(S—C)+(S—a)(S—b)
S A |(a-b)c—-a) (a-b)b-c) (c—a)b-c)
(s—b)(s—c)b-c)+(s—a)(s—c)(c—a)+(s—a)(s—b)(a—b)
(@a-b)(b-c)(c-a)

> | =

= R.H.S. g1 98T

> | =

(iii) First term (¥2/¥ Ug) = (r +r,) tan B-C

(A A j (b—cj A
—+——| | —— |cot—
s s-a b+c 2

_ A(2s-a) [b—c] [ s(s-a)

~ s(s—a) \b+c) \(s-b)s-c)

=IbEC
similarly second term (31 ¥&R fgdia ug)=c—a
& third term (3R qfg ug) =a—b

LHS.qmusf =b-c+c—-a+a—-b=0=R.H.S. 3™ &

(iv) o +r+r,—r=4R
(T AT =2 =24 2 P24 2 =2r (1 + 1, + 1) +2(r 1, + 1,0, +0,1) . (i)
r(r, +r,+r;) =ab+bc+ca-s?
and (3iR) [f,+ Tl + 1,1, =82
from equation (i) F¥H®HROT (i) &
16R?=r2+r2+rf2+r2 —2(ab + bc + ca—s?) + 2s?
r+r2+r2+r2=16R2-4s2+2(ab + bc + ca)
=16R? —(a+b +c)>+2 (ab + bc + ca)
=16R?—-a?—-b2—¢?
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Solution of Triangle “_

10. In an acute angled triangle ABC, r +r, =r, + r,and ZB > g then prove that b + 3c <3a <3b + 3¢

<D Byt ABcﬁr+r1=rz+r33ﬁuB>g,a-srﬁ|aa%m b+3c<3a<3b+3c

A A A A
Sol. r-r,=r-r= —- = -
s s-b s-c s-a

-b c—a

ordr =

s(s—b) (s—c)(s-a)
or 21 (s—a)(s—c) _a-c :taan _a-c

s(s—b) b 2 b
But 9R=j e e | XX Therefore swfom,
2 6 4

tan? Ee 1,1 = l < a-¢ <1

2 3 3 b
ordib<3a-3c<3b
b+3c<3a<3b+3c

11. If the inradius in a right angled triangle with integer sides is r. Prove that

(i) If r = 4, the greatest perimeter (in units) is 90

(i) If r = 5, the greatest area (in sqg. units) is 330
afs Fwe By fer Yo quie © o fBoar r & 99 g aifoig s
(i) Ife 1 = 4, 99 AHTH gRa™ 90 (18 ¥) 2|
(i) IR r=52 q ARHaH d=pa (SbrS a7 F) 3302 |
Sol. (iandii) Leta, b and c (a < b < c) be the sides of given triangle.
Also,2r=a+b-c
When r = 4 then, (a, b) = (9, 40), (10, 24), (12,16)
.. Greatest perimeter =9 + 40 + 41 = 90 units
when r =5 then (a, b) = (11, 60) (12,35) (15,20)

.. Greatest area = @

= 330 sq. unit
Sol. (i 3fRii)AMIa, b3k ¢ (a<b <c) Fs & gomy
qAaq,2r=a+b-c
4 r =444, (a, b) = (9, 40), (10, 24), (12,16)
. Jiferead aRAT = 9 + 40 + 41 = 90 units
S8l r=5d4d (a, b) = (11, 60) (12,35) (15,20)

.-.aﬁwaﬁm:@:%%ﬁsﬂﬂé

12. If [ —r—‘] [1—r—1j = 2, then prove that the triangle is right angled.
r‘2 r3

afe ( _EJ [1_r_1] =28, a1 Rig HRY 6 By, aHeror Byt 2|

ra fy

Sol. [1—5] [1—r—1j=2 = (1——5"")(1——5‘0):2
r ry s-a s-a

(b—a) (c-a)

= — Y =2 = 2(bc —ab —ac + a?) = (2s — 2a)?
(s—a)
= 2bc — 2ab — 2ca + 2a? = (b + c2 + @ — 2ab + 2bc — 2ca)
a?=b?+c?
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Solution of Triangle “_

= triangle is right angled. a1, |gadIen s 86 |

13. DEF is the triangle formed by joning the points of contact of the incircle with the sides of the triangle

ABC; prove that
: L A B C
(i) its sides are 2r cosE, 2r cosE and 2r cosE ,

n A n B n GC
i it I e —-—,—-—-— and — - —
(i) its angles ar 5 55 3 5 >
and
: : S I ¢
(iii) its area is ,l.e. — — A

(abc)s 2 R
s ABC @1 qomell &1 of-gd o famgell w® W=l w=ar & S9a1 fAiam | el DEF Af¥fa & 21
fag @I 6 —
: o A B C s
(i) TP qOg 2r cos 2r cos o and 2r cos = =
. A n B n G
D DI I_2 % 2 and £ - 2%
U 2 2 2 2 2 2
IR
2A° 1r
i DT ATHA — — A®|
() (abc)s "2 R
Sol. (i) EIFA is a cyclic quadrilateral
EF Al
sinA

Al =r cosec A/2

EF =r cosec A/2.sin A
=2rcos A2
similarly DF =2r cos B/2
and DE = 2r cos C/2.

(i) IECD is a cyclic quadrilateral

4ICE=4IDE=%
- B
similarly 2 IDF = £ IBF = >
JFDE= B,.C _m=A
2 2
_T_A
T2 2

(iii) area of ADEF = % FD . DE sin £FDE

1 B C). n A
=—|2r cos —||2r cos —|sin | ———
2 2 2 2 2
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Solution of Triangle

Hindi

, A _B_C
= 2r2 COS—C0S—COS—
2 2 2
=2r2(smA+smB+smCJ
4
(2 A 2A 2A
2\ bc ca ab

2 abc abc
2 r’. As® 2A (r s)?
(abc)s ~ (abc)s
2A° 1A
(abc)s 2 R’
(i) EIFA T& a1 agysl 2
EF
sinA
Al =r cosec A/2

EF =r cosec A/2 sin A
=2rcos A2
s yaR, DF = 2 r cos B/2

3R DE = 2r cos C/2.

E{ZA (a+b+c)}_ r’A . 2s

(ii) IECD U% a1d agys ©

ZICE = Z IDE =%
s’TﬁWLIDF=LIBF=%
BECEEY C 4
2 2 2

i
2

N

(iii) ADEF &1 & F%d = 1 FD . DE sin ZFDE

2

= l 2r cos E] 2r cos 9 sin
2 2 2

= 2r2 cosﬁcosEcos9

2 2 2
~ 2r2[sinA+sinB+sian
- 4

r2(2 A 2A 2AJ
— +—+

2\ bc cag

2 abc
2 r’. As® 2A (r s)
(abc)s ~ (abc)s

abc

E{ZA (a+b+c)}_ r’A . 2s
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Solution of Triangle “_

14.

Sol.

15.

Sol.

Three circles, whose radii are a, b and c, touch one another externally and the tangents at their points

of contact meet in a point, prove that the distance of this point from either of their points of contact is
1

abc )2
a+b+c) '

I ga e B a, b, ¢ 8, T8 AR @1 95T WY FRA T qN S W fAgelt w wet Y@ e

at+b+c

ﬁgwmﬁ%|maﬁmﬁswﬁgaﬁwwmﬁga@( abe j2§|

required distance = inradius of A ABC i g = A ABC &1 a3
28 =a+b+b+c+c+a
=2(@+b+c)
s=a+b+c
A = s(s—(a+b))(s—(b+c)) (s—(c+a)) = \(a+b+c)(abc)

. required distance 3rTse g¥1
;
A J(@+b+c)(abc) _J abc _[ abc j2

s  (a+b+c) a+b+c la+b+c

OA and OB are the equal sides of an isoscles triangle lying in the first quadrant making angles 6 and ¢
respectively with x-axis. Show that the gradient of the bisector of acute angle AOB is cosec B — cot
where B = ¢ + 6. (Where O is origin)

OA 3R OB Afgdrg s @ &1 SRTeR Yol B Sl U2 aAgAie § HHe: x & A1 0 3R ¢ ST =7 2|
qurigd &5 ~gAdoT AOB @ 3fefd @1 YgUrdT cosec B — cot f 8 &l B = ¢ + 0. (S&f O ol fag )

From the fig.
ZAOD = a = «DOB d=0=2a
or, a=u or, 4DOX=e+a=e+¢
2 2
B
D
A
O \X
0+ sine+¢
The gradient of OD = tan =
2 0+0¢
cos ——
2
L L,0+ 0
2sin 2 _1+cos(0+ ¢)

= cosec B — cot B.

2cos —9; ¢ sin 0 ; ¢ sin(6+9)
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Solution of Triangle

16.

/\p

The hypotenuse BC = a of a right-angled triangle ABC is divided into n equal segments where n is odd.

The segment containing the midpoint of BC subtends angle a at A. Also h is the altitude of the triangle

through A. Prove that tana =

4nh
a(n2 —1) '

DIV st ABC & i BC =a @ N a-eR @vel 4 9o fsan Siran 2 <@t n faww 8| BC & wed
fg @1 @ are @S, A R PV o RN & d h, A A S dren e B a9 g By

4nh

tana =m

Sol.

a
Let LN be the segment of the side BC containing its midpoint M. We have BM =MC = AM = > Let

AH be the altitude from A on BC, with AH = h. Also ZLAN = a. Let Z/NAH =0 = ZHAL = o - 6.

2
From AAMH, we have MH = a: —h? . Also LM =MN = 261
\J n

Now tano = tan(o.—6+6) =

LH NH
tan(a—-0)+tand T

1-tan6tan(a—0) , LH NH
h h

h(LH+NH)
= 2 =
he —LH-NH e a i_
2n 4
B ha 4nh
o 2 2

n h2 _ai
an® 4

] T

Hindi &/ LN 4si1 BC &1 @vs 2 Sl s9a #eg fag M &1 3@ 2 |

It BM:MC:AM:%

7191 AH, A 9 BC R 3o, AH = h. 921 ZLAN = o. 991 /NAH =0 = /HAL = o - 0.

2
AAMH 3 7ref MH:,/%—hZ 4t LM:MN:zi
n
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Solution of Triangle “_

LH+NH
t —0)+tan6 R
aﬁtana=tan(a—6+e)= an(a )+ an —_h h

1-tan6tan(o —6) 1_&_@
h h
h(LH+NH) h-a
" h2—LH-NH 2 3
nh2—| 242 2| &_ 2 _p2

2n 4 2n 4

_ ha _ 4nh

n h2—i+£—h2 a(n2—1)

4n® 4
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